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Abstract

A major topic of this dissertation is determination of the effective material parameters
of composites with stochastic interface defects in their hyperelastic mode of strains.
This is done with a joint usage of specially designed laboratory experiments
and probabilistic homogenization. For this purpose a theoretical introduction is provided
and suitable computational algorithms are proposed. These are applied and validated
for the objective composite under uniaxial stretch. The objective composite consists
of high density polyurethane matrix made of Laripur LPR 5020 and 5% of carbon black
F60 reinforcement. The proposed approach is designed for an arbitrary isotropic
hyperelastic potential and is validated with success for the Mooney-Rivlin, Arruda-
Boyce and Neo-Hookean constitutive models. It introduces a concept of the augmented
material model, which describes dependency of the effective material parameters
on an extent of the stochastic interface defects. It is described by their volume fraction,
which is also the only input random variable in this study; it has a Gaussian distribution.
Further, the modeling strategy for mechanical properties of the hyperelastic interphase
in direct neighborhood of the CB particles is proposed. It is used in verification of
an influence of the input random variable on the composite effective material
parameters, effective strain energies and effective stress under uniaxial stretch; this is
done in the deterministic and stochastic context. Next, a computational algorithm
for determination of statistical estimators of the input random variable is introduced
and applied for the objective composite. Numerical calculus is made in a hybrid
approach within a framework of the stochastic finite element method. The deterministic
part is computed in the FEM system ABAQUS on the basis of a cubic Representative
Volume Element and the probabilistic calculus is performed symbolically
in the computer algebra system MAPLE 2018. Probabilistic part is computed with use
of three independent methods, which are the generalized iterative stochastic
perturbation technique, the crude Monte-Carlo simulation and probabilistic semi-
analytical method. Probabilistic characteristics are computed for the composite state
variables. They include the expected values, coefficients of variation, skewness and

kurtosis.

Keywords: probabilistic homogenization; hyperelasticity; particulate composite;
particle-reinforced composite; stochastic perturbation technique; Monte-Carlo

simulation; semi-analytical method; interphase; interface defects; multiscale approach;
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Streszczenie

Gléwnym celem dysertacji jest okreslenie efektywnych parametrow materialowych
kompozytéw ze stochastycznymi defektami mig¢dzyfazowymi w hipersprezystym
zakresie odksztalcen. W tym celu przeprowadzono specjalnie zaprojektowane
eksperymenty laboratoryjne uzyte w algorytmach homogenizacji probabilistycznej.
Powyzsze zagadnienie zostalo sformulowane teoretycznie, a algorytmy zastosowano
i zweryfikowano dla przedmiotowego kompozytu poddanego osiowemu odksztalceniu
wzdtuznemu. Kompozyt sktada si¢ z matrycy z poliuretanu wysokiej gestosci Laripur
LPR 5020 zbrojonej czasteczkami wegla (fullerenami F60) o objetosci 5%.
Proponowane rozwigzanie zagadnienia zaprojektowano dla dowolnego izotropowego
potencjalu hipersprezystego i uzyto z sukcesem dla modeli konstytutywnych Mooney-
Rivlina, Arruda-Boycea oraz Neo-Hooka. Wprowadza ono koncept rozszerzonego
modelu materialowego, ktoéry uwzglednia zalezno$¢ parametrow materialowych
na objetos¢ stochastycznych defektow migdzyfazowych. Sa one przedstawione
jednoparametrowo jako frakcja objetosciowa defektow w interfazie; stanowi ona jedyny
wejsciowy parametr losowy rozwazany w niniejszej dysertacji oraz posiada rozktad
typu Gaussa. Nastepnie zaproponowano sposob modelowania wlhasciwosci
materialowych hipersprezystej interfazy znajdujacej si¢ w bezposrednim sgsiedztwie
zbrojenia. Zostal on uzyty do weryfikacji wplywu wejsciowej zmiennej losowe;j
na efektywne parametry materialowe, efektywna energie odksztalcenia oraz efektywne
naprezenie kompozytu poddanego rozcigganiu wzdluznemu; przyjeto podejscie
deterministyczne oraz stochastyczne. Kolejno, zaproponowano algorytm numeryczny
do okreslenia estymatoréw statystycznych wejsciowej zmiennej losowej; zostal
on zastosowany z sukcesem dla przedmiotowego kompozytu. Badania numeryczne
przeprowadzone zostaly w sposob hybrydowy, z uzyciem stochastycznej metody
elementow skonczonych. Cze$¢ deterministyczng obliczono za pomoca metody
elementow skonczonych na podstawie szeSciennego reprezentatywnego elementu
objetosciowego. Cze$¢ probabilistyczng obliczono symbolicznie w systemie algebry
komputerowe; MAPLE 2018. Probabilistyka wykonana zostata przy uzyciu trzech
niezaleznych metod, iteracyjnej techniki perturbacji stochastycznej, symulacji Monte-
Carlo oraz probabilistycznej metody pot-analitycznej. W analizie ujgte zostaty pierwsze
cztery charakterystyki losowe efektywnych wlasnosci kompozytu, tj. wartos¢

oczekiwana, wspotczynnik wariancji, sko§nos¢ oraz kurtoza.
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1. Introduction

1.1. Subject of dissertation

Elastomers and other rubber-like materials have a wide range of industrial and
engineering applications, such as tires, engine mounts, seals, conveyor belts, base
isolations energy dampers, automotive suspension bushings or high-performance
adhesives, to mention a few; their properties are considered for example in [1]. Due to
their numerous applications, rubber mechanics has become a very active field
of research in last several decades. The emerging field of numerical techniques,
especially the finite element method (FEM), enables researchers to design and analyze
complex large strain three-dimensional elastomeric components to be an integral part of
the design process. One of their examples is polyurethane, especially in its
thermoplastic version (TPU). Polyurethanes have relatively high tensile and flexural
properties, are resistant to tear, have good electrical isolation properties and high
resiliency range. Lastly, they are highly active chemically, which is accompanied with
strong bonding properties to multiple materials. Their properties could be further
modified by various fillers and additives [2,3,4]. An introduction to their analysis could

be found in [5,6].

One of the fillers that affect physical properties of polyurethane is the carbon black [7].
It influences its thermal and electrical conductivity, improves impact strength
and tribolgical properties. It is used for various polymers to adapt them to a wide range
of applications including fuel and solar cells, sensors, detectors, supercapacitors,
electromagnetic interference shielding, and coatings. Its application not always come
in pair with an increase of stiffness and ultimate strength of these polymers. This is
frequently caused by the interface defects that form on particle-matrix transition.
Such defective interfaces significantly affect mechanical properties of polymer based
composites. Their existence contradicts the strengthening potential of the CB that
is indicated in many studies focused solely on its theoretical limit upon homogenization.
Their effect is well studied in the reversible elastic mode of composites. It is, however,
not well known for their hyperelastic mode, which is relevant for majority of industrial
applications. This fact becomes even more involving when coupled with an abundance
of available constitutive models of hyperelastic materials. Unlike in reversible elasticity,

each of them have their own set of assumptions as well as material properties and none
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is perfectly suited for all applications. These are one of the main reasons why a topic
of interface defects is covered in this dissertation. One of its major objectives
is proposition of a way to determine the effective material properties of such composites

that works for all the isotropic hyperelastic constitutive models.

Interface defects are decisive for (not only) mechanical properties of the composite.
Still, they are not easily detected by laboratory experiments because of their very small
dimensions and highly random character. They are also not easily incorporated to
the contemporary numerical solvers. This is because their existence changes
the properties of interface between the particle and the matrix in a fine-grained manner.
Instead of considering them separately, special methods are commonly applied
to consider their common influence. One of these approaches incorporate them into
a separate scale in the composite, which is next homogenized to form an interphase.
This interphase includes the effect of interface defects and enables further
homogenization of composite microstructure that finally returns their macroscopic
properties. Such an approach is proposed in this dissertation as an extension to previous

considerations in the reversible elastic mode.

Random character of interface defects is exemplified by a fluctuating number, shape
and dimensions of the defects for each particle. All these factors influence
the composite mechanical properties, but analysis of their separate impact
in hyperelastic mode of deformations is very difficult even for common computational
machines. It is also not too much conclusive on the macroscopic level because they
simply cannot be steered during manufacturing process or precisely measured
by laboratory experiments. This is the reason why they were replaced here by a single
parameter of interface defects volume fraction. Such a choice enables augmentation
of an arbitrary hyperelastic constitutive model with an additional variable describing
the extent of interface defects. Such extended constitutive model is aimed for prediction
of the macroscopic properties of defective particulate composites; it is called further
the augmented material model (AMM). Since the interface defects are random, such
are also the effective properties of the composite. This has been documented
by specially designed laboratory experiments comparing randomness of uniaxial stretch
in the virgin homogeneous polymer and the same polymer filled with CB particles.
They proved similarity in their randomness, especially the coefficient of random

dispersion having close relation to strain with an almost constant offset. This offset
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is assumed to be an effect of stochastic interface defects. Laboratory experiments verify
the expectations, standard deviations and coefficients of variation of stress of
the composite and the virgin homogeneous material under uniaxial single and cyclic
stretch. They were not available previously and may serve as an input data for other

stochastic and deterministic studies of this composite per se.

Results of these experiments have been wused jointly with the proposed
probabilistic homogenization to determine the statistical estimators of the interface
defects volume fraction. Probabilistic homogenization of composites with stochastic
interface defects is designed especially for determination of randomness in the effective
state variables of the composite with stochastic interface defects; they are the effective
(hyperelastic) material properties, effective deformation energies and effective stresses.
This resulting randomness is induced solely by a single source of uncertainty,
the stochastic interface defects. The resulting random effective material properties could
be included directly in macroscopic constitutive model of the composite together with
other uncertainty sources. Characteristics determined relative to the input volume
fraction of interface defects are the expectations, coefficients of random dispersion,
skewness and kurtosis. In turn, stochastic characteristics of the effective stresses
areused in an algorithm for determination of the statistical estimators of the
interface defects volume fraction. Importantly, these stochastic characteristics are
determined independently by three probabilistic methods, which serves for their

simultaneous verification.

Relation between the state variables of the composite with stochastic interface defects
and the input random variable is not available. Thus, two methods are used here
for their recovery. They are the response function method and its generalized version -
the response surface method. The first of those can be used when the state variable is
a function of a single parameter. It is used frequently in stochastic calculations and their
effectiveness is very well known. The response surface could be used for state variables
dependent on multiple parameters or variables. It has not been used previously in
connection with the stochastic finite element method. This is proposed here together
with an algorithm for its optimization. Finally, accuracy of this method is verified
for the effective deformation energy and the effective stress of composite with

stochastic interface defects.
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1.2. Motivation

The leading motivation for this thesis is a lack of reliable method to define the effective
probabilistic ~properties of particulate composites with defective interfaces
and hyperelastic components. Such method is introduced for a hyperelastic regime
of this composite; it is supported by laboratory tests of uniaxial tension. If available
at all, the existing methods focus purely on a theoretical constitutive model and/or
numerical implementation of a fictitious material. They also typically limit themselves
to a single hyperelastic potential and single probabilistic approach, which does not
allow for reliable verification of its results. A secondary motivation for this work is
an aspiration to extend and verify applicability of the hybrid probabilistic
homogenization for problems outside linear elasticity. Former usage of this method was
applied to composites with purely linear components and simple composition of phases,
which is extended here for hyperelastic components. Further, a choice of interface
defects as a random parameter is motivated by their high influence on effective
probabilistic properties of the composite despite their small volume. It was already
proven for linear-elastic case but not yet for the hyperelastic composite, which is
verified in this thesis. Finally, a computational algorithm to determine statistical
estimators of volume fraction of interface defects is introduced. It is a first approach
known to the author that successfully quantifies interface defect stochastic
characteristics in a joint computational-experimental way. This is impossible when
using laboratory tests by only because of the size of interface defects, their variable

amount and size around each particle.
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1.3. Thesis and hypotheses

Thesis is composed of four major parts proved in successive sections of this

dissertation. They are following:

(1) It is possible to formulate theoretically the deformation process of particulate
composites with random interface defects in its hyperelastic regime. (2) The proposed
augmented material model could be applied with success to the real case scenario
basing on the selected hyperelastic formulations. (3) A proposed algorithm allows
determination of the statistical estimators of the normally distributed volume fraction
of interface defects in this composite. (4) It is possible to determine the effective
material properties of the composite with stochastic interface defects together with their
stochastic characteristics for the selected hyperelastic constitutive models. They may

be used for a wide range of defects volume fraction in the range of [0.09 — 0.95].
The main thesis is supported with additional hypotheses that are following:

Hypothesis 1. Existence and increase of volume fraction of interface defects reduce (a)
the effective material properties, (b) the effective stress and (c)
the effective deformation energy of the hyperelastic composite. Their
uncertain character causes a considerable stochastic scatter of these
effective parameters and their resulting probabilistic density is not
Gaussian. These characteristics fluctuate together with an increase

of strain.

Hypothesis 2. Proposed stochastic homogenization scheme enables an effective
determination of stress in the selected particulate composite with
interface defects, 1.e. Laripur LPR 5020 reinforced with 5% carbon black
particles F60 (HDPU-CB).

Hypothesis 3. Generalized iterative stochastic perturbation method allows a precise
determination of random characteristics of effective stress
and deformation energy 1in hyperelastic particulate composites
with uncertain interface defects. It also offers a considerable reduction
of computational time and resources in relation to an alternative Monte-
Carlo simulation assuring a comparable precision of results. The semi-

analytical method is not perfectly suited to this kind of problems.
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Hypothesis 4.

Hypothesis 5.

Hypothesis 6.

Hypothesis 7.

Stiffness and effective stress of the objective composite (HDPU-CB)
subjected to uniaxial stretch is lower with respect to the virgin
homogeneous material and the coefficient of variation of the effective
stress 1s higher. Difference between these coefficients of variation

stabilizes with an increase of strain.

(a) Stochastic characteristics of the effective material properties of
the composite with stochastic interface defects could be computed
independently of strain level in hyperelastic regime of this composite.
(b) It is not possible for the effective stress and deformation energy

because their variation with strain is not negligible.

(a) The response surface method is accurate in approximation of
the effective deformation energy and effective stress in the objective
composite for all the considered hyperelastic constitutive models.
(b) A relative error is also very low for approximation of the effective

material properties by the response function method.

(a) The proposed augmented material constitutive model allows accurate
modeling of the effective deformation energy of the objective composite.
(b) It can also capture degradation of stress in the objective composite

under uniaxial stretch with respect to the virgin homogeneous material.
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1.4. Aim and scope of dissertation

A general research objective is verification of the thesis that is connected to
theoretical formulation and numerical verification of the deformation process
of composites with random variable in their nonlinear-elastic (hyperelastic) regime. It is
done with use of the generalized iterative stochastic finite element method (SFEM)
for the composite made of high density polyuretane (HDPU) matrix and carbon black
(CB) nanoparticle reinforcement. This composite is made of Laripur 5020 and it is
reinforced with fullerenes F60; it is further called the objective composite. Strategic
goals are as follows: (a) proposition of the way to model mechanical properties of
the hyperelastic interphase forming in the direct neighborhood of CB particles in
the HDPU-CB composite and (b) determination of the effective material properties
of this composite, (c) determination of the influence of uncertain volume fraction
of interface defects on these effective properties and the general deformation process
of such composites in their hyperelastic regime and (d) determination of statistical
estimators of the volume fraction of interface defects in the objective composite. This is
done with support of laboratory tests performed by the author that have been used
in algorithms proposed by him; state functions analyzed for the deformation process are
the effective stress and the effective deformation energy; they accompany a set of state
functions describing the effective material properties for the selected hyperelastic

augmented material models.
Additional accompanying objectives are following:

Obj. 1.  Introduction of the response surface method for the ISFEM as an extension of
the response function method. It enables stochastic calculations of implicit
objective functions that depend on more than one variable and whose relation
with this function is unknown; it could include one or more random input
variables (section 3.2.2).

Obj. 2.  Theoretical formulation of the probabilistic homogenization problem (section
3.1).

Obj. 3.  Proposition of the algorithm to determine the effective state functions of
composites with stochastic interface defects together with their stochastic
characteristics and independent from the underlying hyperelastic formulation

(section 4.1).
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Obj.

Obj.

Obj.

Obj.

Obj.

Obj.

Obj.

Obj.

Obj.

4,

10.

1.

12.

Introduction of a single-valued parameter defining the extent of stochastic
interface defects called interface defect volume fraction. Proposition of
a method to determine its statistical estimators in hyperelastic composites
with stochastic interface defects independently from the underlying
hyperelastic formulation (section 4.1).

Execution of laboratory experiments including single and cyclic uniaxial
stretch of the virgin homogeneous material (Laripur LPR 5020) and
the objective composite (section 5).

Determination and analysis of the first two stochastic characteristics of
the stress in the virgin homogeneous material and the objective composite
relative to the level of the strain based on laboratory experiments (section
5.3); characteristics include expectation and coefficient of variation
computed from results of laboratory experiments.

Verification of the type of relation between the coefficient of variation of
the virgin homogeneous material and the objective composite judging from
the results of laboratory experiments (section 5.2).

Selection of the best fitting hyperelastic constitutive models of the virgin
homogeneous material for further usage in numerical part of this dissertation
(Appendix A).

Analysis of the effective material properties of the objective composite for
the three selected hyperelastic material formulations and for an increasing
volume fraction of interface defects (section 6.1.1).

Determination of statistical estimators of the volume fraction of interface
defects for the objective composite (section 6.1.2).

Calculation of stochastic characteristics of the effective material properties
for an increasing volume fraction of interface defects (section 6.1.3)
and verification of effectiveness of an algorithm for its response function
optimization (Appendix B).

Determination and analysis of stochastic characteristics of the effective
material parameters for optimized statistical estimators of the input random
parameter (section 6.1); they may be used directly in probabilistic analysis

of the objective composite.
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Obj.

Obj.

Obj.

Obj.

Obj.

Obj.

Obj.

Obj.

13.

14.

15.

16.

17.

18.

19.

20.

Proposition of a procedure for optimization of the response surface for
the effective deformation energy in the objective composite under uniaxial
stretch. Verification of its effectiveness (Appendix C).

Verification of an influence of the volume fraction of interface defects on the
effective deformation energy (section 6.2.1) and the effective stress (section
6.3.2) in the objective composite under uniaxial stretch.

Computational determination of the first four stochastic characteristics of
the effective deformation energy (section 6.2.3) and the effective stress
(section 6.3.2) in the objective composite; determination of an influence of
the strain level jointly with an influence of the coefficient of variation of the
input uncertain variable - the volume fraction of interface defects.

Analysis of dependence of the first four stochastic characteristics of the
effective deformation energy (section 6.2.3) and the effective stress (section
6.3.2) on the strain. Determination if this parameter could be dropped
in further stochastic calculations or not.

Verification of the proposed algorithm for determination of the volume
fraction of interface defects statistical estimators; introduction of a concept
of the augmented material model for composites with stochastic interface
defects. Verification is done for uniaxial stretch of this composite (section
6.3.3).

Determination of the augmented material model for the objective composite
approximated by the selected underlying hyperelastic formulations;
verification of its usefulness for the effective deformation energies (section
6.2.2) and the effective stresses (section 6.3.1) of the objective composite
under uniaxial stretch.

Comparison of effectiveness of the three selected methods for determination
of stochastic characteristics of the effective material properties (section
6.1.2), the effective deformation energy (section 6.2.3) and the effective
stress (sections 6.3.2 and 6.3.3); these are the generalized iterative stochastic
perturbation, semi-analytical and crude Monte-Carlo simulation methods.
Verification if the proposed algorithm could be applied for different
hyperelastic material formulations and comparison of its results obtained

for the three selected underlying material formulations (sections 6.1 and 6.3).
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Scope of the thesis includes (a) uniaxial stretch laboratory tests of the matrix and
composite, its further usage in (b) numerical analysis of the effective state functions in
hyperelastic regime of composite with stochastic interface defects and (c) theoretical
introduction of a probabilistic hyperelastic homogenization problem for the above

mentioned composites.

One of the most important concepts in this dissertation is proposition of the way to
estimate the stochastic interface defects in particulate composites. This original idea
introduced by the author was developed by him through all its phases beginning from
the early concept phase, through the phase of theoretical consideration
and computational analysis up to its verification for a real hyperelastic composite.
The most unique feature of this approach is a joint usage of laboratory experiments with
computational analyses that, supported by a new theoretical concept, allows
determination of the stochastic interface defects in the objective composite. The author
came up with the above idea, conducted both, laboratory and computational
experiments, proposed the necessary algorithms and, together with his Supervisor,
introduced the theoretical introduction of connected probabilistic homogenization
problem (section 3.1). Current proposition is valid for the Gaussian distribution of
an input variable of the interface defects volume fraction; it requires determination
of two statistical estimators. This approach may, however, be relatively easily extended

for different distributions of the input variable.

A second innovation proposed here is introduction of a way to compute the effective
material properties of composites with stochastic interface defects by the augmented
material model. This concept introduces a new variable in the original constitutive
formula for hyperelastic materials and provides an algorithm for its determination
independent of the underlying hyperelastic formulation. This variable is denoted as
the volume fraction of interface defects. Its introduction allows to determine
the deformation process of composite with interface defects. It weakens the material
parameters and exemplify the extent of interface degradation in the composite. It also
allows to convert the uncertainty introduced by the interface defects directly into the
hyperelastic material parameters. They may be next easily incorporated into

probabilistic calculations of the macroscopic structures.

This dissertation also proposes the probabilistic homogenization scheme for composites

with stochastic interface defects and nonlinear (hyperelastic) components. It is much
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more demanding than the one previously proposed for the linear reversible components
because of variability of hyperelastic formulations. Unlike in linear elasticity, these
formulations end up with a unique set of material parameters that relate the state
functions to the invariants or the strains. This is also the main reason why the author
decided to disconnect the proposed homogenization algorithm from the underlying
hyperelastic material. Selection of this constitutive model is still an important step,

but each isotropic model is eligible.

Innovation is proposed in the SFEM also. The main novelty in this context
is introduction of the response surface method, which opens the possibility to quantify
the stochastic characteristics for implicit objective functions that cannot be reduced
to single variable polynomials. It considerably widens the applicability of the SFEM.
This extension also provides a first step to consider multiple, correlated input uncertain
variables in stochastic calculations by the SFEM. The response surface method is first
introduced, then the optimization algorithm is proposed and approximation error

verified and then the optimal surface is used in the SFEM calculations.

This dissertation also introduces the concept of input uncertain variable in the SFEM.
The traditional SFEM or probabilistic problem uses one or more random parameters
whose stochastic characteristics are all known a priori. Alternatively, the effect
of coefficient of random dispersion is verified for isolated random parameter.
In contrast to them, in this dissertation the expected value and the coefficient of random
dispersion of the input variable is unknown. It is determined in an inverse problem,
where laboratory experiments are used for calibration and validation of the probabilistic
homogenization problem for real, and not theoretically idealized composite.
Importantly, computed state functions cannot be simplified to functions of only single
random variable. Instead, they are a cross product of this random variable and the level

of applied strain.

This dissertation includes only one uncertain parameter, which is the interface defects
volume fraction. This choice follows an extensive research of uncertainty in particulate
composites conducted by the author in his previous works for their reversible linear and
hyperelastic regimes. In these works various kinds of random parameters were
considered. Examples include imperfect particle geometry [8], uncertain ellipsoidal
shape of particles [9], material parameters of the matrix [10], particle placement and

agglomeration and also interface defects [11]. The interface defects are by far most
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influencing the effective response of the composite in stochastic and deterministic
contexts. A volume fraction of interface defects is preferred over alternative input
random variables because it neatly encapsulates the interface defects by a single
parameter that is easy to understand, compare and represent. It is introduced here
because it is practically impossible to determine the number of interface defects of real
nanacomposites with use of currently available laboratory equipment and use it for
statistical consideration. It would be much easier to distinguish the radius of matrix
affected by these defects that strictly relates to the volume of the interphase
and consider solely the volume of the defects. Yet, such tests are not in scope of this

thesis.

An input uncertain parameter is considered here to be exclusively Gaussian.
This assumption is proposed especially because there exist no evidence of non-Gaussian

character of the interface defects and also

» Gaussian distribution is considered as one of the most important theoretical
probability distributions in statistics [12],

» distributions close to normal are frequently existing in nature, which is proved
by Lindeberg-Lévy [13] theorem,

» characteristics of normal distributions make probabilistic methods based on it
relatively easy; they are frequently used as a first step for analysis of complex
distributions; normal distribution includes only two parameters in its definition
(mean and standard deviation). It has a null skewness and kurtosis,

» a Gaussian distribution enables composition of a relatively easy relation of the
result to a given coefficient of variation of input uncertain parameter. This is
because this parameter is inherently included in definition of this distribution.
Magnitude of this parameter differs significantly for certain unknowns, as for

example in [14].

This dissertation consists of 7 chapters and 4 appendices. They cover the following

topics:

Chapter 1 contains an introduction to all the main concepts contained in this
dissertation. It describes the subject of this dissertation, presents the main motivation for
selecting it and highlights the main features contained in it. In this chapter the thesis is
formulated and supplementary hypotheses are presented. It also describes the aim and

scope of this work.
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Chapter 2 contains the review of literature in fields relevant for this dissertation.
It covers the topics of hyperelastic materials, probabilistic analysis, multiscale analysis
and homogenization method. It also provides a review of common ways to introduce
the interface defects and explains a concept of the interphase. Finally, it brings closer
a notion of the effective response of a medium and describes why it is commonly used

in the SFEM and other stochastic/probabilistic computations.

Chapter 3 includes the theoretical background relevant for further numerical analysis.
It provides mathematical formulation of the probabilistic homogenization problem
for composites with stochastic interface defects. It also brings closer methods used to

approximate the effective response of the objective composite.

Chapter 4 is dedicated to explanation of details of computer analysis. It is composed of
three sections. The first one presents details of the selected Representative Volume
Element and the finite element method solver. The second one describes specifics
of methods used for determination of stochastic characteristics of the state functions.
The third section explains the major algorithms proposed in this dissertation. They serve
for determination of the effective state functions and volume fraction of interface
defects in particulate composites and also for computation of their stochastic
characteristics. The lesser algorithms and concepts used in different steps of the

probabilistic homogenization algorithm are described in chapter 6 prior to their results.

Chapter 5 contains description, results and conclusions coming from laboratory
experiments conducted for the virgin homogeneous material and the objective
composite. They include uniaxial stretch of 10 specimens under single and cyclic
loading. Considered statistical estimators include the mean, expected value, standard
deviation and coefficient of variation of stress for variable strain. This chapter confronts
the results for virgin homogeneous material and the objective composite; it also
indicates their similarities as well as differences. Observations coming from this

analysis are strictly relevant for further numerical experiments.

Chapter 6 is fully dedicated to the numerical experiments. It is composed of three parts
and provides major results of this dissertation. The first part is dedicated to the effective
material properties. The second part describes computations of the effective

deformation energy and the third — of the effective stress.
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The first section dedicated to the effective material properties firstly determines
dependence of these parameters on the volume fraction of interface defects. Then, it
presents an analysis of stochastic characteristics of the interface defects volume fraction
and of the effective material properties recovered for the objective composite. This is
done separately for all the three selected underlying hyperelastic constitutive models.

At the end these stochastic characteristics are tabularized and described.

The second section firstly provides results of the effective deformation energy relative
to the input uncertain parameter and verifies the effectiveness of the two alternative
methods of its approximation. Next, it analyzes the stochastic characteristics of the
effective deformation energy w.r.t. the coefficient of variation of the interface defects

volume fraction and provides final conclusions.

The third section is dedicated to the effective stress of the objective composite under
uniaxial stretch. Firstly, it provides details how this state function was computed
and analyzes the relation of the effective stress to the strain and variable interface
defects volume fraction. Then it provides analysis and interprets results of stochastic
characteristics of this stress for the three selected underlying material formulations.
Finally it verifies effectiveness of the proposed approach for determination of the
effective stress of the objective composite against the results coming from
the laboratory experiments. This is done on the basis of uniaxial stretch and two
statistical estimators, i.e. expected value and coefficient of variation and relative to the

applied strain.

All stochastic calculations are made by the three independent methods, i.e. the
stochastic perturbation and semi-analytical methods as well as the crude Monte-Carlo
simulation. Stochastic characteristics are computed for three selected underlying
constitutive models. An exception is the effective deformation energy, which was

determined for the Arruda-Boyce by only.

Chapter 7 includes summary, conclusions and future prospects for the conducted

research.

Appendix A summarizes a selection process for hyperelastic constitutive models of the

matrix.
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Appendix B explains optimization procedure of the response function used for
approximation of the effective material properties of the objective composite. It also

provides optimization and verification of accuracy of the applied response function.

Appendix C explains optimization procedure of the response surface used for
approximation of the effective deformation energy and the effective stress of

the objective composite.

Appendix D includes a scheme of probabilistic homogenization algorithm.
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2. Review of literature

Computational analysis of materials is crucial for design of contemporary appliances,
mechanical parts and bearing systems. Its introduction changed entire design process
supplementing its traditional cycle of conceptualizing and laboratory testing with a swift
computer modeling. It cuts down the design time and provides tools for a very
optimized or complex solutions unavailable by a sole analytical approach.
All computations base on constitutive models of materials, defining their behavior
under different mechanical, thermal [15], electrical [16], magnetic and coupled [17]
conditions. They are well defined for relatively simple continua [18,19,20], but are still
challenging for composites outside of elastic region. In this thesis a hyperelastic
response of complex continuum is studied. It is highly useful for predicting the behavior
of rubber-like composites with polymeric matrix. Their main strengths include the ease
of usage and calibration, computational efficiency and also flexibility of usage
and accessibility in commercial code. They could also be quite easily augmented
to capture hysteresis in cyclic loading. Application of hyperelastic constitutive models
ranges from tire industry to biological tissues, such as human arteries [21] and

polymers.

2.1. Hyperelastic materials

An early motivation for theoretical formulation of hyperelastic materials was lack of
existence of large-strain models capturing deformations accounting for its non-linearity
above infinitesimal level. Such materials can deform largely and nonlinearly upon
loading without breaking and then return to its initial configuration. Such rubber
elasticity is achieved due to very flexible long-chain molecules and a three-dimensional
network structure that is formed via cross-linking or entanglements between molecules.
This behavior characterizes a wide range of continua, including rubber-like materials,
polymers [22] and elastomers [23]. Its implementation in the finite element framework
requires two important ingredients to solve a boundary value problem. They are
the stress tensor and the consistent fourth-order tangent operator; the latter is the result
of linearization of the former. Rubber-like materials are generally modeled as being
homogeneous, isotropic, incompressible or nearly incompressible, geometrically and
physically nonlinear hyper- or visco- elastic solids [24,25,26,27,28] and visco-plastic

solids [29]. Their models are commonly supported by experimental data. The most
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common tests involve the uniaxial stretch, biaxial stretch and pure shear. Some models
consider also aging [30,31], Mullins effect [32,33,34], hysteresis [35] or failure of
rubber-like materials [36,37]. In this dissertation, hyperelastic constitutive models are
selected. Their theoretical introduction is available for example in [38,39,40,41] and

examples of its FEM formulation are [42,43,44,45].

Classical hyperelastic constitutive models include Mooney-Rivlin [46,47], Neo-
Hookean [48,49], Yeoh [50], Arruda-Boyce [51] and Gent [52]. They have been
developed in mid and late 1900s and all provide analytical solutions for an isotropic
single phase medium. Number of parameters included in their equations is small, which
enables their analytical treatment for simple engineering problems. Contemporary
models introduce more parameters that increase flexibility and accuracy of calculations.
The trade-off is a considerable increase of calibration and computation efforts that
makes them preferable for large scale computer simulations and not for analytical
calculus. One of the modern formulations of hyperelastic material is the Extended Tube
model [53] including 5 parameters. It focus on the molecular-statistical approach
for polymer networks. The other provides solution for hyperelastic anisotropy [54].
One of the popular ways to categorize the hyperelastic constitutive models is their
phenomenological or micromechanical character [55] (see Fig. 2.1).
The micromechanical models are based on the analysis of networks of cross-linked
long-chain molecules. Some examples include 3-chain [56], 8-chain [57], full-network
[58], Flory-Erman [59], unit sphere [60], tube [43] and extended tube models.
Phenomenological models are further subdivided into the invariant or principal stretch
based macroscopic continuum formulations. They are generally based on polynomials
that usually lack a firm physical interpretation of the governing parameters in
deformation energy function. The invariant based continua are much more common.
Some examples include the classical models mentioned before, i.e. Mooney-Rivlin,
Neo-Hookean, Yeoh, Arruda-Boyce and Gent. Some more contemporary approaches
are Pucci-Saccomandi [61], Lopez-Pamies [62] or Alexander models. They incorporate
a logarithmic or an exponential term in their energy functions that allows a better
estimation of deformation in uniaxial stretch and equibiaxial stretch. Principal stretch
based models include for example Attard and Hunt [25] or Shariff [13] and Ogden [14]
implementations. A comparison of various mentioned hyperelastic constitutive models

i1s available in [63]; some other models use neural networks also [64]. The author
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decided to select among the classical invariant-based models, because they are
widespread, easy to implement in the finite element code (unlike the stretch based
models) and allow a satisfactory convergence of the Newton algorithm; they are bolded
on Fig. 2.1. The modern micromechanical models were not selected because of a limited

availability of laboratory equipment and the filler.
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Fig. 2.1 Different constitutive models of hyperelastic materials.

Only recently efforts have been put to define the hyperelastic behavior of multi-phase
materials. This is because of high complexity of calculations and unavailability
of analytical solutions. This problems are leveled by a rapid increase in computational

resources allowing an iterative solution. Some examples of contemporary studies

29



Probabilistic analysis of composite materials with with hyperelastic components

include [65,66,67,68,69,70,71,72,73,74]. They are available also for visco-elastic
regime [75]. A demand of extensive hyperelastic constitutive models is stimulated by
biotechnological industry, where mechanics of biological tissue [76] and its interaction
with artificial appliances is studied [21]. They are also required in aerial, textile

and automotive industries and are used for example in tires or various shock absorbers.

Unlike in linear small strain elasticity all the models provide their own set of
assumptions prescribed during the derivation process and are not necessarily easily
interchangeable with others. This introduces challenges in description of their stochastic
nature because material parameters are no more a good choice for overall stochastic
unknowns. Such choice would bound the analysis to a specific constitutive model,
which is highly undesirable. Instead, some more generic parameters or variables should
be preferred, for example a defects volume fraction, that stays unique for all constitutive
models. Random (effective) material coefficients should rather be a derivative of other

random sources. Such an approach is proposed here in Section 6.1.

Stochastic or probabilistic studies are quite well documented in the reversible elastic
regime of composites [77,78]. This is not true for the inelastic regime. One of the main
reasons is the above mentioned lack of generality of various laws and complexity
of their numerical solution already in the deterministic case. Stochastic hyperelasticity
or visco-elasticity of composites is considered only in a limited number of studies; some
examples include [79,80,81,82]. Researchers usually focus on a certain hyperelasticity
potential, for example the Ogden [83,84,85], Neo-Hookean [62,86] or van der Waals
model [70]; some of them compare also the results of several potentials, as in [87]
or propose a specific solution techniques [80,88]. There, however, is a lack of studies
concerning the composites that include interface defects in the nonlinear regime. This is
especially true for the joint deterministic and stochastic analysis coupled with
a verification of multiple hyperelastic potentials. This dissertation is intended to cover
this topic. Unlike majority of the stochastic considerations it is additionally based on the
set of laboratory tests performed specially for the computational part, for which the
numerical response of the matrix is fitted with use of the Least Squares algorithm.
The proposed approach specifically tackles the problem of lack of generality
of hyperelastic laws by introduction of a probabilistic homogenization algorithm.

It enables computation of random effective material parameters for an arbitrary
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isotropic hyperelastic potential with a specified source of uncertainty (random

parameter or variable). This source is here the volume fraction of interface defects.

2.2. Probabilistic analysis

Behavior of materials and structures in civil engineering and mechanical design is
defined by models with specific assumptions. Traditionally they have a certain set
of parameters to fit them into a response of material in well-known tests. These
parameters are always exposed to some scatter. It comes from various sources
of randomness such as morphology of the material, tolerances in manufacturing
and measurements, accuracy of conversions or other unknown origins impossible

to quantify during measurement.

Probabilistic analysis is an approach that tackles this problem directly by augmenting
deterministic mathematical models with random parameters or variables representing
sources of uncertainty. It allows much more precise estimation of behavior of analyzed
system. In addition to the mean, characteristic or design values obtained in most
engineering calculations it outputs also the expected value, coefficient of variation, and
other specific information of the results uncertainty. It further allows to compute
directly and optimize the structural safety margin in certain load conditions.
This margin may be represented for example as reliability index or probability
of survival. Probabilistic analysis may be applied in structural analyses at various levels
of design, i.e. level of material, structural element or even at the level of entire structure.

Examples include heat transfer [89,90], fatigue [91,92], stiffness [93], failure [94,95].

Probabilistic approach encompass all the methods based on probability calculus leading
to calculation of material or structural response with input uncertainties. This response
is commonly represented as random moments or characteristics, such as expected value
(E), coefficient of variation (o), skewness (B) or kurtosis (k). One of the common
representations of statistical distribution is the probability density function (PDF), but it
is also the most demanding in terms of computational resources. It is preferable also
because it ensures a continuous representation of probability density. This is why in
most cases the characteristics are preferable, as in this study. The most widespread
methods allowing probabilistic design are direct derivation methods, simulation

methods, spectral methods and perturbation methods.
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Direct derivation methods [96,14] use integral calculus to derive random characteristics
of the response with a known PDF of the input random variables. In its classical form,
this approach takes a direct relation of the structural response and the random
parameter; it is commonly called as analytical method (AM). In many cases such
relation is not known, cannot be derived analytically or a symbolic solution for known
relation simply does not exist. An approximation of this relation is obtained with
various numerical techniques that is commonly referred as a response function or
a response surface. Such an approach is called a semi-analytical method (SAM) [97,96]
and is applied in this study. Alternatively, approximate or bounded integration may also
be used. The disadvantage of such approximation may be requirement to set an input
CoV to correctly set its bounds. Furthermore, its direct consequence is a loss
of continuous relation of the uncertain material response. Continuous representation
is important for numerical part of this dissertation and thus approximations were not

used.

Simulation methods [98,99,100,14,101,102,103] substitute integration with a finite
number of deterministic realizations, which are next subjected to statistical estimation.
They are wused in many technical, financial and engineering areas
[104,105,106,107,98,100,108]. Realizations are made with sets of parameters obtained
from random or pseudo random generation according to their predefined PDFs; they are
all referred as Monte-Carlo simulation (MCS) methods [107,98,109]. They have several
advantages, i.e. ease of implementation and avoidance of integration, but they all also
have important disadvantages. Major drawback of this approach is a vast number
of realizations required to reach a satisfactory result convergence that is guaranteed only
with their infinite number [110,98]. This problem is partially covered in more modern
approaches, such as importance sampling [111], stratified sampling [112], or latin
hypercube sampling [113,114] techniques; they all attempt to lower the required
sampling number. A second disadvantage is poor scaling for increasing number
of unknowns. The last and deciding disadvantage is an inherent discrete character
of MCS disallowing retrieval of continuous probabilistic characteristics or measures

of reliability.

Spectral method [115,116,117,90] describes a Gaussian random field with use of
Karhunen-Loéve expansion. Structural response is emulated by expansion into

a polynomial chaos [118]. The biggest problem of this methodology is very low number
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of terms in the series that usually does not exceed two [119]. Because of this, the result
may be inadequate and quite far from the exact solution, especially when a second order
polynomial is used (which is commonly done). For them to obtain satisfactory accuracy
a high number of elements may oftentimes be required. Additional problem
is connected to Karhunen-Loéve expansion itself, which does not have a solution
for certain problems [120,121]. The one especially important is reliable calculation
of higher order probabilistic characteristics [97], which prevents it from being

considered in this thesis.

Perturbation methods [96,122,123] describe the structural response as spread around its
mean value with a small perturbation. They expand the response function into a Taylor
series around the expected values of random variables. The order of this method
depends on the number of terms of applied expansion. One term in first order, two terms
in second order etc. One of its topics is convergence of the Taylor series, which is not
always guaranteed. This problem is even more complex when response function is not
known and must be approximated, which is the case for this dissertation. For this reason
a most suitable function is verified here according to algorithm presented in section 3.2.
The response function is selected from a set of polynomial functions, for which
a convergence of Taylor series is mathematically proved. Major advantages of this
method are swift execution, relative ease of implementation and continuous character
of the results. It also substitutes integrals by derivatives and overcomes a problem
of lack of solution that exists in the AM and SAM. The biggest drawback is unproved
convergence for certain types of functions and requirement of high order expansion
to reach a high accuracy for input random variables with a high CoV. Nevertheless,
ability to reach a very high level of accuracy for polynomial based response function

was recently proved numerically in [124].

The leading probabilistic method used in this thesis is the stochastic perturbation
method, because of already mentioned relative ease of its implementation, continuous
character (ability to output continuous probabilistic characteristics) and lack
of derivation problems. Monte Carlo and semi-analytical methods serve here

as reference methods for verification of the results of the ISPT.

Relation of the result and the input random variable is usually unknown prior
to probabilistic analysis. Its analytical derivation is available only for relatively simple,

well known problems. In other cases this relation is sought with use of numerical
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methods, such as the finite element method, boundary element method, finite difference
method. Joining their output with probabilistic analysis results in stochastic finite
element method (SFEM) [116,125,126,127,128,129,130], stochastic boundary element
method (SBEM) [131,132] and stochastic finite difference method (FFDM) [96,133].
Such a fusion creates a powerful tool for probabilistic design and stochastic
computations but it does not provide a new probabilistic method itself. In this thesis
SFEM is preferred. This is because of convenience in solving the homogenization
problem and availability of software for FEM computations. The ones looking for

a comprehensive introduction to the finite element method shall refer to [134].

It is worth to mention that the results of probabilistic analysis serves further
for reliability verification of materials and structures. They, however, form a separated
group of methods using theory of reliability. Their specifics are described well in
following works [135,136,14,137,138,139,140,141,142,143]. This dissertation does not
focus on them directly, because it is rather devoted to a level of material and its
effective representation and not on structural analysis itself. The author, however,
already have focused his research attentions on reliability problems in corrugated-web I

beams. Interested readers could refer to [144,145,146,147,148,149,150,151].

2.3. Interphase and interface defects

An interphase is an additional phase of the composite formed during its manufacturing
process or exploitation. It exists in-between two phases of the composite, commonly
between the matrix and the filler. Its mechanical [152], thermal, electrical, thermo-
mechanical [153] and physical characteristics differ from the ones of the two
surrounding phases. Its volume is much lower than the other phases, yet it highly
influences behavior of an entire composite. This is because the interphase effectively
encapsulates the filler and prevents a direct interaction in-between the composite
constituents. As it has been documented, an interphase affects significantly the effective
material properties of multiple isotropic, cubic and anisotropic composites in
a deterministic [154,155,156,157,158] and also stochastic context [159,8,11,160,161].
It either decreases them in an existence of defects [162] or increases, when the two
phases are chemically bound [163,164,165,166]. Its influence is so high, that
considerable research attention has been put for its tuning and tweaking to improve key

properties of composites or adjust their performance for special purposes [167,168].
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Interphase is extremely difficult to define in laboratory tests. This is because its
thickness is very small (in order of um) and its characteristics differ for each particle
or fiber in the same sample of the composite. Despite an existence of multiple surface
agents applied on the phases, interphase around each of filler particles or fibers has
unique thermo-electro-mechanical conditions in which it forms. This effectively makes
its geometry, thickness and properties random. An exemplary interphase formed

between the glass fiber and the polypropylene matrix is shown in Fig. 2.2. Its

morphology is clearly different than both adjacent phases and transition is sharp.

Fig. 2.2 AFM of an interphase between the polypropylene matrix and glass fiber [169].

Interface defects encompass all the inclusions, voids, discontinuities and inaccuracies
that exists on the transition of the two phases in a composite. They reflect frequent
manufacturing imperfections, following remarkable residual thermal stresses
for instance, and can be treated during numerical simulation as geometrical
imperfections in composite materials [170]. Their occurrence majorly affects response
and properties of the composite despite its extremely small volume, which is a fraction
of a volume of an interphase. Interface defects prove to be crucial for many properties
of a composite including its durability [171], reliability [172], thermal conductivity
[173] and even failure [167,174,175,176] of these materials. Defects and inclusions also

35



Probabilistic analysis of composite materials with with hyperelastic components

cause a high microscopic stress concentration [177]. Some studies are devoted to

the defects by only [178].

An interphase with interface defects forms an imperfect interface. Its usage in realistic
prediction of composites behavior dates back many years [179,180,181,182,183].
Analysis of composites having imperfect interfaces is performed primarily with use
of three techniques 1. an insertion of interphase in-between the main composite
constituents [184,185,186,187,180,188], 2. usage of special contact finite elements
[189,190] or 3. an introduction of a system of springs [191] that may also be

supplemented with dumpers.

In this dissertation the first approach has been selected, because it best represents
the real phase that exists in between the main constituents of the composite. Interface
defects of spherical shape are artificially smeared in the interphase domain. It is done by
a statistical spatial averaging of interphase hyperelastic properties. Geometrical
idealization of such defects has been provided in homogenization based studies, i.e.
with the use of semi-circular or semi-spherical shapes and it follows the well-known

cavitation phenomenon for a variety of matrices [192,174].

2.4. Multiscale analysis and homogenization

Multiscale analysis represents a style of modeling in which system is described
simultaneously by multiple constitutive models at different scales of resolution.
Models at each scale may originate from physical laws of different nature, for example
continuum mechanics in macroscale [193] and molecular dynamics in atomistic scale.
They are required because certain phenomena visible on one scale cannot be described
accurately without supplementary information from a different scale from which they
originate. Some of the examples include (1) brittle failure of reinforced concrete beam,
which is caused by micro-cracks in concrete microstructure in-between the cement and
grains, (2) plastic elongation of steel caused by a slip between its grains or (3)
macroscopic properties of composites affected by microstructural defects. Alternatively,
they are used because purely macroscale constitutive models are not accurate enough
and lower scale models offer too much information or require too high computational
power to be executed. Multiscale approach aims at achieving a compromise between
accuracy an efficiency and frequently provides solutions to problems otherwise

unsolvable in a reasonable time span.
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Multiscale analysis comprise three major components: multiscale models, multiscale
analysis tools and multiscale algorithms. Multiscale algorithms are the ideas of how to
use a multiscale analysis tools to bridge the scale and connect different multiscale

models at different levels.
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Fig. 2.3 Different length scales in multiscale analysis [N5].

The mostly used scales are depicted on Fig. 2.3. In statics they mainly depend on
dimensions and are following: macroscale, mesoscale (level of microstructure),
atomistic scale and electronic scale. Interestingly, each of this scales falls into
a different discipline, for example macroscale into civil and mechanical engineering,
mesoscale — materials science and electronic scale into physics. Thus, multiscale design
frequently requires bridging different disciplines to be solved. Connection in between
the constitutive models is either ensured analytically or numerically [194,195,196]
and bridging between different scales is either done sequentially or concurrently.
In sequential approach certain characteristics used in macroscopic constitutive models
are precomputed. Usually only limited number of parameters (or variables) is passed to
a different scale, but in some sparse representations even as much as six variables can
be passed with success [197,198]. In concurrent alternative the macroscale constitutive
model variables are computed on-the-fly during simulation. Its major advantage is that

a much smaller domain of macroscopic variables must be computed in different scale.
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On the other hand, a complexity of numerical algorithm solving macroscale increases.
Concurrent methods are especially not well suited to problems in which parameters are
passed to the FEM-based code, where each element would potentially require a separate

set of parameters.

Traditional structural analysis preferred in civil engineering does not involve
a multiscale approach because it tends to limit calculations to a linear range of material
deformation, where simple empirical constitutive laws are sufficient. The additional
margin of nonlinear structural response is frequently used as a safety margin. A good
example is a design of structures made from constructional steel, for which the
engineering codes, such as Eurocodes [N1], [N2], [N3], [N4] usually prefer to stay in
linear elasticity. Calculations became much more involving even for steel when
a localized phenomena must be taken into consideration, such as strain localization
[199] or crystal plasticity [200]. For them, a macroscale constitutive model must be
supplemented or interchanged with macroscopic structure. In multiscale design
information may be passed from higher scale into lower scale (top-down way) or from
lower to higher scale (bottom up way). Process of crossing a certain scale is called
a scale bridging. Example of top-down bridging is passing boundary conditions for each
element of FEM analysis into a mesoscale constitutive model and a bottom-up a intra-

grain bonding conditions coming from an atomistic scale.

VII: Vi: V: Mortar  IV: Concrete III: Plain II: Structural I: Full Structure Scale
C-S-H Cement Scale Mesoscale Concrete Scale Element Scale
Scale Paste

Scale

<1010 102 102 10 100 10 102 L [m]
Fig. 2.4 Different scales of concrete [201].

A multiscale approach, yet indirectly, is already used on a structural design level for
reinforced concrete. Calculation of ultimate limit state of this composite already
requires some supplementary information apart from the scale of structural element.
Specifically, precise information of steel rebars positioning is required even when all

the macroscopic properties of concrete and steel are already known. These properties
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already depend on information coming from four lower scales, i.e. C-S-H, cement paste,

mortar and concrete mesoscale scales (see Fig. 2.4).

There are multiple methods and algorithms that allow solving multiscale problems.
They focus on algebraic, numerical or hybrid solutions and usually are aimed on certain
problem domains. Their comprehensive review is available in [202]. Some examples
include the multi-grid methods aimed at solving a large system of algebraic equations
[203] with some alteration in equation-free method [204], heterogeneous multiscale
method where a preconceived macroscale constitutive model with missing components
1s assembled and missing data is found with use of microscale constitutive models
or matched asymptotics approach [205,206,207]. Some other methods include
averaging and tolerance averaging methods [208,209,210] hydrodynamic limit methods
[211], the Mori-Zwanzing formalism [212], renormalization group methods [213],
variational methods [214] and homogenization methods [215,216,217,218]. Multiscale
approach is very frequently used for determination of the macroscopic (or effective)
properties of composites, also in the stochastic context [219]. Some introduction to their
theory is available for example in [220,221]. In this study a homogenization method has
been selected because of its relative ease of application to the FEM systems. It is

described in more detail in the next paragraph.

Homogenization method is frequently referred as a process of replacement of an
equation with highly oscillatory coefficient with one having a homogenous coefficient.
Initially used in studying partial differential equations (PDEs) [222,215], this concept
proved to be suitable for solving a problem of inhomogeneous microstructure of
continuum, such as composites. This is because the macroscale boundary conditions,
such as loadings or supports usually is much bigger than the length scale of the

microstructure.

The classical problem is formed in a following way

X
v <A <;> Vur> =f (2.1)

with 1 being a very small parameter and A(g) being a 1-periodic coefficient

A(g+é)=A(g), i=1, ..., n. It may be modified to the following form
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V(AVu)=f (2.2)

where A is a constant tensor coefficient representing the effective property of a material.

This property could be computed as

A= A@(Vw;(@)+8)édy,...dy,, ij=1,...n (2.3)
0.1)n

in which 1-periodic w; satisfies Vy(A(Q)VWJ)Z-Vy(A(Q)éj). One equation may be
replaced by another if t is small enough to satisfy u,=u and when u,—u at t—0. In the
continuum concept an analogue of the differential element is the Representative Volume
Element (RVE) in 3D problems or the representative surface element (RSE) in 2D
problems. The RVE 1is considered representative of the medium and it should be
selected in a way to contain all the relevant statistical information about
an inhomogeneous medium. With such an assumption, averaging over this element
results in an effective property of the medium defined as A above. A key problem in
such formulation is assumption of such an RVE to be solvable and contain as much
information about the microstructure as possible. This also holds for stochastic
calculations where, in addition to the RVE selection also uncertain parameters must be

selected in a way to catch the best representation of most important randomness sources

and still remain simple enough to be solved.

In its early approaches homogenization was used in a purely analytical [218,223] way
and thus microstructure was very simple and range of applications limited. This obstacle
was overcome with incorporation of the FEM, where the RVE is modeled and solved.
Rapid evolution of the FEM academic and commercial software that started in early
2000s, supported researchers in discretization and visualization of the RVE.
A simultaneous revolution in computational power of personal computers made
accessible solution of more complex problems. All of these allowed homogenization to
become one of the most widespread methods used to solve the multiscale problems in
materials science, especially those connected to meso- and micro- scale
of inhomogeneous materials, see e.g. [224,225,226,227]. The topic of a correct RVE is
so important that some studies treat it as a research problem connected with its
generation [228], size or scale effect [229,230,231,232,233] and validity of applied

random microstructure [234]. Some other works review existing and introduce
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stochastic boundary conditions [235] or propose formulation of finite elements for the
hyperelastic case [236]. The FEM is commonly included in approaches aimed
at decrease of problem size or computation time, which is done on the expense
of accuracy. These propose usage of the artificial neural networks and machine learning
approaches [237,238,239], divide the heterogeneous medium to several subdomains
[83], use manifold-learning method to reduce dimensions of microscopic strain fields
[240], utilize orthogonal decomposition R3M [241] or aim to apply a reduced database
model [242]. The FEM is, of course, not the only possibility. There also exist some
alternative methods such as mesh-free formulations [243], gradient approach [244],
the fast Fourier Transform based methods (FFT) [245], transformation field [246],
or the discrete element method [247], perfect for densely packed solids. In this study
anonlinear response of material is studied, for which exist some approaches
to homogenization, such as the ones in [248,249,250,251]. In many cases they include
specific a-priori assumptions connected to the stress or strain fields, see e.g.

[252,253,254].

Probabilistic homogenization adds to homogenization yet one more level of abstraction.
It introduces uncertain parameters and variables in the lower scale of homogenization,
usually in  the  material  microstructure. Some  examples include
[255,256,257,258,259,97,260,261]. Similarly to the probabilistic analysis in
macroscopic calculations, it quantifies the influence of an input uncertainty on
the response of the medium. The difference lays in the source of uncertainty, which
cannot be included in a macroscopic level, yet cause randomness in engineering
structures. Common problems for which probabilistic homogenization is applied
include uncertain phase properties, interface defects, geometric uncertainty
or inclusions. Uncertainty may be included in one phase or in in the various
characteristics of the RVE, for example the reinforcement positioning. They all result in

an uncertain stiffness tensor or parameters leading the material constitutive relation.

Probabilistic homogenization of composites is especially interesting when it is coupled
with a problem of interface defects. Analytical solution of this problem can only be
obtained for elastic composites and a simple RVE, which was proposed by M.M.
Kaminski in [262]. A more in-depth analysis of stiffness tensor even in elastic regime
requires usage of numerical solvers. The author proposed such an approach [188],

verified it with analytical solution and, further, studied a fully anisotropic response of
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a homogenized composite [159]. Results proved, that particle clustering and uneven
particle distribution affects anisotropy of the composite and has a high influence on
components of its stiffness tensor. In his other work [8], the author verified a numerical
solution of a composite with uncertain reinforcing particle radius with an analytical
solution and studied influence of an uncertain aspect ratio [263] on the effective

stiffness tensor of a composite.

This thesis presents an extension of the previous research into a hyperelastic regime
of the composite. In the first phase, an uncertain hyperelastic response of homogeneous
medium was considered [82] and then a problem of stochastic hyperelastic response
of composites with hysteresis [70] and with stochastic interface defects [264,265] was
solved. It has been decided to limit considerations of this thesis to a problem
of hyperelastic composite with stochastic interface defects to keep it concise and cover

all the aspects of the problem.

2.5. Effective response of medium

Effective response of a medium is a relation of objective function with uncertain
parameters or variables. In structural design the objective function could be defined as
a limit function. In homogenization it usually is an effective property of a medium, such
as the stiffness tensor, bulk modulus, effective stress or strain energy. In majority of
homogenization problems (and also in most structural engineering problems) such
relation cannot be analytically determined. This is a reason why the objective function is
commonly computed with use of discrete numerical procedures. In SPT this is
frequently done using a response function method (RFM) [266,267,268,269,144]
or response surface method (RSM) [270,271,113], when more variables are considered.
An alternative of direct differentiation method (DDM) is rarely selected because it
requires at least an intervention into a source code of discrete numerical solver. In the
worst case, writing a complete solver algorithm is required. This is because
deterministic values used by these programs must be substituted with their stochastic

counterparts.

Response function and response surface methods both aim to approximate the real
relations of the objective function with use of a surrogate model (also called as a
metamodel [272,273]) having an uncertain variable. This is done on the basis of

a carefully selected set of discrete numerical (or laboratory) experiments performed for
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different values of input variables [274,275]. Their major advantage is ease of
application and disconnection of the metamodel fitting from the stochastic procedure,
which allows simple analysis of fitting error. Surrogate models are commonly applied
from a subset of polynomial functions and also their fractions or other rational functions
[276,277]. A little less common is usage of B-splines, logarithmic, exponential or

hyperbolic functions, as in [278,279], for instance.

The main difference between the response function and response surface methods is
number of variables included in it. While the former holds only a single variable, the
latter depends from at least two (or more). This, in turn, limits usage of the response
function to a single source of uncertainty, while the response surface may be used for
unlimited number of input random (or deterministic) variables. The two methods also
majorly differ in cost of their fitting and the amount of discrete experiments required.
This amount increases exponentially together with a number of input variables (or
dimensions) n in a rate of n¥, where n denotes the number of realizations around the
expected value of each uncertain variable (assuming this number is equal for all of
variables). Fitting of the response function is commonly done by the least squares
algorithm, which is very well performing for single variable polynomials. It is not the

case of multivariate functions, including the polynomials.

In general, optimization problems are commonly divided to three major categories, i.e.
the linear programming (LP), quadratic programming (QP) and nonlinear programming

(NP) problems.

» linear programming problem is the one in which the objective function and all of
the constraints are linear functions of the decision variables. It always has either
(a) one or more equivalent globally optimal solution, (b) has an unbounded
objective or (c) no feasible solution. It is convex and have at most one feasible
region with ‘flat faces’ (i.e. no curves) on its outer surface. Its optimal solution
(if available) lays at a ‘corner point’ on this surface that is represented by
constraints. A solver may work point wise and solution is fast. Common solvers
include families of the simplex technique [280,281] in its primal [282] or dual
[283] version and interior point [284,285] technique. Fitting is usually done with
linear or (sometimes) nonlinear least squares.

» quadratic programming problem has an objective function which is a quadratic

function of the decision variables and constraints which are all linear functions
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of the variables. They have only one feasible region with ‘flat faces’ on its
surface (due to the linear constraints), but the optimal solution may be found
anywhere within this region or on its surface. Objective function may be convex
or non-convex. The convex functions have either positive definite or semi-
definite Hessians, and non-convex - an indefinite Hessian and a saddle-shape.
Itis usually out of scope for QP solvers. Typical solvers include simplex
extension to the QP, active set and working set method variations [286,287,286],
interior point [288,289,290] or Newton-barrier methods [291,292,293,294].

» nonlinear programming problem is the most difficult for optimization. Objective
function is generally a nonlinear function of the decision variables and usually
has many locally optimal solutions. A global minimum is very difficult to find
[295]. Common solvers include the augmented Lagrangian methods [296,297],
sequential quadratic programming [298,299] and reduced gradient methods

[300,301,302].

Optimization of the response function and the response surface performed in this
dissertation falls into the quadratic programming class of problems. A more detailed
introduction for algorithms used in recovery of an effective response of the composite is

available in section 3.2.
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3. Theoretical background

This section consists of two main parts. In the first one (section 3.1) the probabilistic
homogenization used in numerical part of this dissertation is introduced. In the second
one (section 3.2) the selected methods to recover the effective response of the medium
are presented. The first section is based on previously published works by the author,

namely [264,265].

3.1. Probabilistic homogenization

Probabilistic homogenization serves for determination of the random effective material
parameters of the composite with stochastic interface defects for the specified
hyperelastic potential. In this section, theoretical formulation of this problem

is provided.
3.1.1. Multiscale composition of the composite

Let me introduce a heterogeneous and continuous solid body representing a particle-

reinforced composite in 3D Euclidean space Q presented on Fig. 3.1.

. . \

. o o)

Fig. 3.1 A heterogeneous body under consideration. Q - heterogeneous solid body, Q; —
hyperelastic interphase, €, - hyperelastic matrix, €, — linear elastic
reinforcing particles [265].

This body is composed by three distinct phases — a linear elastic reinforcing particle

filling the region ), a hyperelastic matrix in domain of Q,, and hyperelastic interphase

in the region of €;, as in the following equation
Q=0,,UQ,uQ, (3.1)

Contact in-between the subsets is considered to be perfect and load-independent

in further deformation process (no slip or damage occurs). The interphase and a particle
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does not intersect the other surfaces of the RVE 0Q so that Q » NoQ = . The RVE

contains k non-intersecting non-uniformly distributed reinforcing particles with the
same distribution of defects. The domain of the defects is composed of the series

of disjoint single semi-bubbles as follows

2 =Uleu, (32)
Each interface defect Q; ; is localized on the given particle surface, has semi-spherical
shape and is directed outwards from the particle center; this is visualized on Fig. 3.2.
Defect number on the given particle-matrix interface is denoted by i, 1<i<nm and
j=1,.,r stands for the particle number. All the interface defects are statistically
dispersed according to the Gaussian distribution radius R, ,. It is defined by its

expected value E(R(i "

) and variance Var(R, ) on each particle-matrix interface.

interphase (), carbon particle Q

Fig. 3.2 Internal composition of the composite.

Multiscale homogenization framework consists of the micro-contact and micro-scale.

It is proposed by three subsequent steps

» reconstruction of the interphase as the new artificial material that fully separates

the two other domains — the particle and the matrix,
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» probabilistic averaging of the defects throughout the interphase; defects belong
to the micro-contact scale,
» probabilistic homogenization of the composite consisting of three components —

the matrix, particles and interphases belonging to the micro-scale.

The interphase is considered to be a thin layer around any particle, whose constant
thickness equals to an upper bound on statistical population of the defects radii

according to the well-known three sigma rule [159]

A=E(R))+3 /Var(R(,-)), =Ll (3.3)

Effective stress of the interphase is recovered by the probabilistic averaging method
as the volumetric average of stress of the defects ¢/ and stress of the matrix ¢”
belonging to its volume €;

M oo o () G4

Uim(ﬁi)= .

1

The first two moments of variable " can be simplified to
E[d")=(1 — E[w])d"(g,); Var[¢"]=Var(w)c" (g;)? (3.5)

assuming that ¢?(g;)=0 for the defects and substituting their volume ratio the interphase
as the parameter w. First two moments of the interface defects radius (E(R) and Var(R))
are assumed according to Appendix of [159], while E(w) and Var(w) are calculated
analytically using statistical parameters of R. Such an assumption is applied
intentionally to make the solution independent from the underlying hyperelastic law
applied for the matrix. This enables a direct comparison of the results for different
potentials, which would be otherwise extremely difficult. This is because each of
the hyperelastic formulations has its own set of properties to be defined that are variable

in length and not interchangeable, especially in the stochastic case.

Next, I introduce a weakening coefficient w equivalent to the volume fraction

of interface defects as

d
YV (3.6)

TV v
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Volume of the defects V¢ is uniquely defined by their number and radii as

VdeEZ?zl a3, while volume of the matrix could be computed as V™=V™ —
Vd=kgn(Ri3 - Rf,) — V% V™ denotes the volume of the interphase and k stands for the

number of particles inside the RVE. Volume of the RVE is unitary, thus V™ directly
represents a volume fraction of interface in the entire composite. The above introduced
weakening coefficient is a single-parameter representation of the defects intensity on
the matrix-particle interface. Such a defective interface is used in consequent stochastic
homogenization limited to the range of strain considered in laboratory tests
(here £,,€(0,0.275)). The weakening coefficient is sampled in an equidistant manner in
a range of we€(0.05,0.9) so that v4Vite[0.00, 0.005, ..., 0.9]. Tt also serves for
the input random variable in the stochastic studies and, together with the strain level, as
a variable in the deterministic analysis. This coefficient remains constant through an
entire deformation process. This means that all defects follow the deformation of the
interphase (their radius increases or decreases together with interphase thickness
and shape changes). An alternative evolution of this parameter may be considered also,
for example an assumption of a constant shape of the defects regardless the strain level.
It is not applied here. In further chapters the weakening coefficient is also referred as

the volume fraction of interface defects.
3.1.2. Hyperelastic formulation of the matrix

Let me further assume the deformation gradient of hyperelastic matrix as F=0x/0X, with
x referring to the spatial and X the reference configuration, the right Cauchy-Green
deformation tensor C as C=F'F and the Finger tensor b as b=FF'. For hyperelastic
materials with no hysteresis mechanical behavior is independent of the history of

loading and the strain energy is only a function of the elastic deformation. There holds
U"=U"(C)=U"(b), C=¢(g)=FgF. 3.7)
The second Piola-Kirchhoff stress tensor S of such a material is following

o _ 200"

S:
OE oc”’

(3.8)

where E is connected with C by the Langrangian strain tensor as E=1/2(C — 1); 1 is the

second order identity tensor. Let me also introduce the metric tensor as g=F TCF', the
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Eulerian strain tensor as e=1/2 (g - b'l) and the volumetric change with a reference to
material configuration as J=det(F). The Cauchy stress tensor ¢ and the Kirchoff stress

tensor could be defined in the following way:

_oum_20Um 11 T
o %%t JFSF (3.9)

Time derivatives of the second Piola-Kirchhoff stress tensor § and the Langrangian

strain tensor E can be calculated as S=JF'6°F' and E=F'D. In these relations
6'=6 — Lo — 6L"+(tr D)o is the Truesdell rate of Cauchy stress tensor, D is the
deformation rate tensor and L represents the velocity gradient. Taking into
consideration the above relations the fourth order elasticity tensor C is linked with the

Piola-Kirchhoff stress in the following way
S=C:E. (3.10)

Upon some substitutions of the above relations, Truesdell rate of Cauchy stress tensor

could be expressed as
o'==F[C:(F"DF)]F"=c:D. (3.11)

The fourth order elasticity tensor C could be finally expressed as

1
Cijii= g FiF P Fie Coke (3.12)

Let me further decompose the strain energy into the isochoric and volumetric parts.
With such an assumption, isochoric part of hyperelastic strain energy is a function of the
first and the second invariant of the right Cauchy-Green deformation tensor C (I;, I,)

and the volumetric part — only function of J. These invariants are defined here as I;=trC

and 12:% {(trC)2 - trCz}.

In this light expression for C can be recalled as
C=F'F (3.13)

and J=det(F)=1 also holds (volume is preserved in loaded configuration).
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With above assumptions, the second Piola-Kirchhoff stress simplifies to

Y

ol oC  dl, oC  al; oC (.14)

Let me further define a following operation K'=K — %tr(KTC)C'1 for the arbitrary

second order tensor K and introduce derivatives of the invariants in reference to the
2 2

right Cauchy-Green deformation tensor oI,/0C=J31', 1,/0C=J3(I;1'—C") and

dJ/0C=1/2)JC". The second Piola-Kirchhoff stress tensor can be now further simplified

to

S=2 J'% aUm+aUm 1 J'%aUmC'+1JaUmC'1 3.15
B o, ol o, 27 a) (3.15)

and the Cauchy stress tensor may be expressed as

c=2 (l (E-F@) b" — l@ b"b"+l@ 1) (3.16)
J\al, dL J al, 2 0]

where K" is a following operation applied on the arbitrary second order tensor related

to its origin K'"'=K — %(tr K)1; it is done for the Finger tensor b. The invariants for this

constitutive model and boundary conditions used to fitting the model curve to the

laboratory tests for the uniaxial stretch are given as follows: [ =040,

L=2A"3+20*3, 1=

An alternative formulation of the hyperelastic strain energy function is available, where
the isochoric and volumetric parts are both dependent on all three invariants (I, I,, I5)
and on their cross-products also; the number of invariants taken into consideration may
even be increased. Derivation of strain energy in such a general case would be very
demanding, but under an assumption of vanishing cross-products is much easier [249].
Strain energy has a two-parametric description in this constitutive model, i.e.
the isochoric one dependent form (11,12) and the volumetric one dependent only from J

so that

U'=Ug,(1,L,)+Ur ). (3.17)

50



Damian Sokolowski

The simplest functions depend on (I;,J) by only [49,303]
Ur=%2,1, = 3)'+UY (D). (3.18)

The volumetric strain energy for the compressible hyperelastic materials may be

computed with the following equation [304]:
U'v"=§ (1nJ)2+% (0= D*+K;(J = InJ = 1). (3.19)

In further analysis the incompressible case is assumed so that U, (J)=0.

A formulation of strain energy based on the first invariant only is quite straightforward
but has limited applicability for multi-axial loading. An example of such a formulation

is the Neo-Hookean model [49] and it defines the strain energy (incompressible case) as
Uni= Criva(ly — 3); (3.20)

it includes a single material parameter C}yy only. There holds for this constitutive
g p 1.NH y

model in case of the uniaxial stretch

P=2C (x - %2) (3.21)

The approaches based on two invariants are much more versatile [305], where most
probably the simplest one is the Mooney-Rivlin model. It defines the strain energy

for an incompressible material as [46,47]
Upr=C1'ur(Ty — 3)+Co (I — 3), (3.22)

where two independent empirical constants are Cjyz and C3yz. The unidirectional

engineering stress under uniaxial stretch can be described as

A= (20Tt 22) (32 - 1), (3.23)

where A denotes the specimen (or RVE) elongation. This elongation is connected to
the strain with €;;=A — 1. A more general form of the strain energy represent various
polynomial formulations, where the strain energy is a function of the first and second

invariant of the isochoric right Cauchy-Green deformation tensor, so that
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LY Gy = 3) (1, = 3 +UY (D). (3.24)

The last considered here formulation is the Arruda-Boyce [51] model that defines

the strain energy as

(11 3)+ . (13 —27)+
. 2! 2002 10504 !
Uip=Clap \ 19 ) 519 s
— (I} =81 +——— (I} —243
7000(1’;)6(1 ) 673750(/1ﬁ)8(1 ) (3.25)

5

~Clap ) " (1 = 3)

i=1

where A} stands for the stretch at which polymer chain networks becomes locked

and C7 4p is an additional material parameter. In an alternative form p= and o

1
()
defines the consecutive coefficients before (1j)?*. The unidirectional engineering stress
is described as follows

1 2 2
E+M (Il — 9)+ 0% (Am) (I 27)+

o= 2C1AB(7V 1) 419 B 5519 4
7000( ’”)6( B1)* 673750(}”’)8( —243)

(3.26)

More hyperelastic formulations can be found e.g. in [306]. They are also listed in the

Introduction.
3.1.3. Homogenization method

Next, the homogenization method is introduced. Firstly the expected value of

the uniaxial stress in the matrix coming from laboratory tests is recovered w.r.t.
the strain level [oJ"(aH)]Zﬁ M 6" (g;1)®. Subsequently, it is fitted to it the response
of 10 different hyperelastic formulations. Specifically the parameters of these
constitutive models C};s are optimized to minimize the least squares total error for all
the stress-strain data points. Next, the 3 best potentials are selected that have the lowest
overall fitting error. Then, the sets of material parameters Cﬁ"gf of the defected interphase

are recovered for each constitutive model denoted by & with use of the least squares
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method (LSM) so that they minimize the error of the LSM for ¢(¢;,). Recalling eqn

(3.4) such optimization problem could be defined as

Y

- Q —Q _ .

Cit— Z (kg—kd“’" (ewi) — d"f(el,Cé?éz)) =min (3.27)
k=1

where k denotes the different magnitudes of the interface defects volume fraction and /
different levels of stretch. In each constitutive model considered here the physical
meaning (if at all available) and number of parameters is completely different
and therefore directly averaging the material properties of the hyperelastic interphase
would bound it to a concrete model, which is strictly limiting. An alternative approach
of averaging an entire stress-strain relation of the interphase ¢"(g,;) that is proposed
here enables comparison of all possible constitutive models and additionally makes it
straightforward. For the simpler, elastic case the situation is totally different, because all
the isotropic materials (applied as the composite phases) expose only two constants —
the Young modulus and the Poisson ratio; they may be directly averaged as in [159]
and compared for different materials or composites; anisotropy is usually considered

only in the macro level available upon homogenization [307,308].

These parameters Cﬁng are used next for a definition of artificial interface material in

the FEM and they are found thanks to spatial averaging. This step involves also
" . . . . FEM .

a composition of the RVE and computation of the effective strain energy U:; (strain

energy for the homogenized composite) with use of the FEM solver. This is done for
various volume fractions of interface defects w dispersed in the range of we(0.05,0.9),

which serves further for determination of the composite effective material parameters.

The effective strain energy may be represented for each constitutive model & as the

following function of the invariants and the interface defects volume fraction w:
U=t 01, L w)= U+ U+ U, (3.28)

where only the coefficients of the selected potential Clgg depend on w (i denoting

coefficient number). This assumption focus the application to incompressible
hyperelastic composites with very stiff particles, such as polymers or rubber that is

reinforced by carbon black. For this case the deformation of stiff particles in the stretch
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is very small and their volume fraction also so that U‘;<<<U2”,U’§"’ . Further, mechanical

properties of the defects (semi-spherical voids) are negligible and close to zero.
Because of this they produce zero strain energy. Following from above, it is assumed

that the composite is effectively governed by hyperelastic phases with a relatively small
error. Hyperelastic material coefficients ijz:(w) will, of course, be different than the
nt

ones for the virgin homogeneous material C}: or the interphase Cﬁf and will depend on

the number and radii of the interface defects represented by w.

Let me focus on example based on the Mooney-Rivlin potential. Effective strain energy
of the composite is governed by a following relation U%LSMZC%{R w)-(1, —

3)+C§%R(w)~(12 — 3). Dependence of the material coefficients is calculated in a two-
step procedure. Firstly, sets of material parameters are recovered for all the FEM
simulations with respect to w and the selected hyperelastic constitutive models. In the
case of Mooney-Rivlin they are Ci@R(wi) and C?%R(wi). Secondly, these sets
are further used as an input to the LSM approximation. This approximation recovers
a continuous polynomial function of material parameters with respect to w.
For Mooney-Rivlin it is C%{R(w) and C%,[R(w). Optimum order of this polynomial
is recovered by a triple criterion, i.e. minimization of the LSM error and variance,

as well as maximization of correlation of the lab test results and the stress-strain relation

for the considered potential.
CLwy=a;w, i=0,...,n,j=0,...,m, (3.29)

where i is the i material coefficient of the hyperelastic constitutive model & and m; is

the polynomial order of the i material coefficient. Following the example of Mooney-

Rivlin potential, polynomial representations of its material coefficients are defined as
P w)=ay jw, C e (W)=ag Wi, j=0,....m; (3.30)

where m; stand for the optimum order of the polynomials equivalent to m;=5 (6 or 7).
The error of such approximation is relatively small and response is always continuous in
the (w, &;) range. The number of polynomials required for fitting strictly follows

the number of material parameters and the number of the FEM realizations required
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as an input increases together with a range of w analyzed. This means that each material

parameter may have a different dependence on this w.

Next, an effective stress of the composite ¢/ is calculated as

T VICSIRERD) (331)

where fZ| gy is some function of the invariants, the stretch and interface defects volume

fraction. It is based on the hyperelastic constitutive model applied for the matrix for
the same reason as the effective strain energy of the composite is. For example, for
the Mooney-Rivlin the effective uniaxial stress of the composite could be represented

by a following formula

eff ZC‘?[f w) 1
O-Aj/;fR,AMM: <2C%4R (W)‘F% (7LZ - X)’ (3.32)

where Cﬁm (w) and C}ﬁMR (w) are already recovered from the effective strain energies.

This approximation is called an augmented material model and denoted by the lower
index AMM. The second, alternative, approximation of the effective stress directly

relates it to the interface defects volume fraction and strain with a polynomial fg Approx-

polynomial representations of its components are found numerically, e.g.

eff _ _,MR i -_ .
Tt approx WI=TUR Approx=3ApproxiW'El 1> 1=05.-,8, j=0,...,t (3.33)

Deformations applied for the RVE for an uniaxial stretch can be applied with a

following deformation gradients

A 0 0 1 0 0 1 00
F,=10 1 0|, F,=|0 & O[F,=|0 1 0 (3.34)

0 0 1 0 0 1 0 0 A

for the three directions x;, x, and x3, where the deformations on diagonal represent the

elongations and apart from diagonal — shears.

These equations have been derived assuming that each particle is surrounded by the
interphase of the same thickness and the same elastic properties reduction parameter w.
This thickness does not appear as an explicit additional parameter here but affects

computational FEM experiments leading to the specific LSM approximation of
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the effective elasticity tensor. It is possible to insert different Gaussian random variables
w; here, whose basic probabilistic moments may be different for various particles
interphases or insert the w; into each particle that follows a specific probability density
but for it to be reliable would require thousands or at least several hundreds of particles
in the RVE that are surrounded by a thin interphases. This is unavailable from
the computational point of view, for which a set of nonlinear analyses would be
required with billions of finite elements each. Current considerations include at most
150 particles that are treated deterministically and they do not have the interphase at all,

whose small thickness majorly increases computational complexity.
3.1.4. Mechanical problem formulation

Next, an uncoupled mechanical problem of static or quasi-static large deformations
is formulated in the heterogeneous domain composed of two disjoint constituents.
The main aim here is to find an equivalent medium having the same deformation
energies under uniaxial, biaxial and shear deformations. Homogenization of a composite
occupying a volume Q € R* with linear elastic components in large deformation state is

rewritten for stresses o;;(x), strains ¢;(x) and displacements u;(x) functions as

cji; (X)+pf; (x)=0, (3.35)

6 (X)=Cijra (g (x), (3.36)

£ (x)zé (11 (), () (R (x) ) (3.37)
03 (X)n;=0, XEAQ, (3.38)

u; (0 =8;(x), XEAQ, (3.39)

where both 0Q; and 0Q, represent some subsets of the outer faces of the given RVE.
Combination of the virtual work principle corresponding to the original composite
deformations g,(x) and these obtained for the homogenized composite &';(x) under
the same Dirichlet boundary conditions specified above with the equity of deformation

energies in these two cases leads to

56



Damian Sokolowski

I(Jiflﬂ f gi(x) £y (x)dQ=
Q
(3.40)
I(J}i)lf i) Skl(X)dQJrCi(j%f 2(0) 8 (O CIRY J g (X) £ (x)dQ

P i m

where constitutive tensors Ci(ji)l, i(ji]z], i(jrl?l) correspond to the particle, interphase and the

matrix, respectively. Imposition of the unit deformations a'ij (x), €4(x) enables for an

analytic calculations of the effective tensor components using deformation energy
stored in the original composite. Hyperelastic homogenization problem solution needs
an incremental version of the boundary value problem constituted by Eqns (3.35) -

(3.39) and it can be proposed in the following form:

Ac;(X)+pfi (x)=0, (3.41)
A ()=Cija () A (%), (3.42)

Ay (=3 (AukJ ()+Auy () +Auy; (X) Aug (x)), (3.43)
o, (=0, xEAQ, (3.44)

Ui (x)=0; (x), XEAQ,. (3.45)

Hence, the effective tensor components are determined from the following equation:

(i f A€'§(%) Ae g (0)dQ=CH) f Ag; (X) Agg (x)dQ
N “ (3.46)

+Ci(jilzl fQi Ag;;(x) Agkl(x)dQ_FCg]]:l) me Ag;;(x) Agy(x)dQ.

Money-Rivlin, Neo-Hookean and Arruda-Boyce constitutive tensors have been adopted
in this analysis at the right hand side of this equation to determine its effective

characteristics.
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In the presence of random parameter w defined for any x€Q; in this RVE one rewrites

above relation as

I(Jflﬂ (w) f Ag ij(x) Ag kl(x)dQ Clg'f()l f Agij(w;x) Ag (w;x)dQ
QP (3.47)

FCIO) fy, Asy w3 Acy () dQHCR [, Ay (wix) Agyg (wsx)dQ.

So that, the goal of further numerical experiments is to compute an incremental function
of the homogenized characteristics for the given composite using its strain energy ol

as
CED (v g) =" (cgrg, D (w),C 2w, x)) (3.48)

and its basic probabilistic characteristics by using the stochastic finite element method.

Further probabilistic analysis undergoes with the following discretization of a

displacement field in this composite computed at some increment 7:
u?=Ni,qO=N;, DY wi. (3.49)

Where N;, denote the shape functions, while Dg) are the coefficients for the polynomial

bases of independent random variable w. Quite similarly one discretizes the strain and

the stress tensors at the same increment:

(r) _Buaq(r) _Bl_]aD(r)WJ (3 50)
(r)_clgrlglgg)_c( lBklaq Cl_]leklaD(r) m (35 1)

where By, is the matrix of the shape functions spatial derivatives. Let us adopt classical

FEM notation, where the composite global stiffness matrix is K,g for o, B indexing all
degrees of freedom available in the RVE, Aq, includes increments of displacements for

all DOFs, while AQ_ combines the external nodal forces increments.
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Then, static equilibrium equations being solved for the state functions and their

increments is
KuBAqB = AQQ. (3.52)

The left hand side here depends upon the input random variable w, so that final solution

for the displacements can be recovered as

- 1
Aqy ()= [KG+KQ0+kF| " aq, (3.53)

Random polynomial basis is found from the series of solutions of the above equation
when w having the basic moments equal to E(w), SD(w) takes the trial deterministic
values in the interval [E(w) — 3c(w),E(w)+30c(w)]. It enables the least squares method

approximations of the polynomial bases.
3.1.5. Stochastic perturbation solution

Stochastic perturbation method is of the non-statistical nature and it uses analytical
formulas describing probabilistic moments of the structural response rewritten for
the continuous distributions. It is used for probabilistic analysis in multiple fields
[309,310,311,312,313,309]. The expected value as well as higher order central

probabilistic moments of the mth order of structural response u(w) can be described as

E(u(w))Z f_;wu(w) p(w)dw, um(u(w))Z f;w (u(w) — E(u(w)))m pw)dw,  (3.54)

where p(w) is its probability density function (PDF). Determination of these
characteristics undergoes by the use of Taylor expansion of the given order n, which
guarantees sufficient numerical accuracy while comparing with some referencing
analysis like Monte-Carlo simulation strategy, for instance. The ISPT uses the following

expansion about the mean value w° [96,266,314,315]:

1 ﬂamu(w)

— m! wb" 0
w=w

u(w)=u(w’)+

(Aw)™. (3.55)

0 is a first order variation of variable w and ¢ is a positive definite

where Aw=w —w
perturbation parameter [316,96]. It is most frequently adopted as €=1, as in this study

(after [122]), and vanish for further equations. Partial derivatives of the function u(w)
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with respect to input parameter w are calculated from the approximating polynomial.
Equation (3.55) is valid for the ISPT only when w’ = E(w), which is the case of
Gaussian PDF applied here. Otherwise the expected value shall replace the mean value.
Further calculations need also higher central probabilistic moments of the parameter w

provided that it has Gaussian PDF, so that one obtains for its standard deviation a(w)

. 1 when m =0
n (w)= I(w—wo)m -p(w)dw= (m—])!!(c(w))m when 2| m (3.56)
—o 0 otherwise

where

p(w)—G(w){ﬁexp[(WE(W)) ] : (3.57)

The following relations for the first four probabilistic moments of the structural
response u(w) may be relatively easily derived with the tenth order expansion assuming
that higher than the order selected for the Taylor series terms simply vanish according to

the least squares method fittings included in the next section. One obtains

Efu(w)]=u(w')+ L7000
, 1 du(w)
48 ow’

o (w)(w')’ ,10u(w)

) 8§ ow'

w=w

(16 (W)(W{))

Wﬂ

0c4(w)(w0) +

S (3.58)

w=w

2 4|1
Var(u(w))=a2(w)(w0) D[jJ]quoc"(w)(wo) {ED[z,z]u+D[1’3]u}
6|5 1 1
+a’ (w)(wo) {ED[3’3]H+§D[2’4]II+ZD[1’5]H}+

(3.59)

sl 7 1
+o (w)(w”) {EDW]u + 2—4D[3’5]u + gD[M]u}

10| 21 5
+oc”)(w)(w0) {%D[5’5]u+%D[476]u}
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+00

iy (u(w)= [ (a(w)=E[u(w)])’ p(w)dw=

=3D uoc4(w)(wo)4+0c6(w)(wo)ﬁ{D[z,z’z]u+§D[u’4]u+6D u}

[2.1.2] [2,2.3]

+0L8(w)(w0)8 {%D[“ﬁ]u+2D u+{75D

4 [2,2,4] [2.3.3]

9
u+4D[17374]u+ZD[17275]u} (3.60)

[2,4.4]

o’ (w)(w')” {_ Dot 2Dy, gu+ %Dﬁ’“]u}

0|15 5 7
+a '’ (w)(wo) {XD[I"””“JFZDU’M]UJFED[2’3’5]u}

400

ko (u(w))= [ (u(w)=E[u(w)]) p(w)dw=

6
D, u+a’ (w)(w') { 10D,,, ju+ ]5D[1J,2’2]u}

8 35 15 7
+af (w)(w’ {39D u+2/D u+—2D>D u+—2D u+—D0D u}
( ) ( ) [1,2,2,3] [1,1,2,4] 2 [1,1,3,3] 4 [2,2,2,2] 2 [1,1,1,5] (3 .61)

+%D +%D u+67D, u}

[1,1,4.4] [l,3,3,3]u [2,2,2,4]“ [2,2,3.3] [1,2,3.4]

+(x10(w)(w0)10 {9D u+§D

+oc[0(w)(w0)]0 {ED u+§D “+§D[1,1,2,6]“}-

4 112.29) [1,1,3,5]

The following notation for the derivatives products evaluated at the mean value of the

parameter w has been adopted:

i J
D, ju(w)= 220 ()
’ ow  ow
o' ol o*
Dy ()= 20T ZU0) e (3.62)

ow  ow  ow
O'u(w) &’u(w) o u(w) 'u(w
B () LD U
W w W

A procedure concerning determination of the basic moments of the effective tensor is
almost the same — one replaces structural response u(w) with Ci(jiflﬂ (w) and global

approximation is used instead of the local one presented above. It should be noticed also
that theoretical probabilistic convergence analysis for these moments has been provided

in [96]. Probabilistic semi-analytical method uses the same definitions and the same
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polynomial bases, but the resulting moments are derived symbolically using MAPLE
2017 by random polynomials integration; the resulting formulas are omitted here for a

brevity of the presentation.

At this point part (1) of the thesis is confirmed. Deformation process of particulate

composites with random interface defects is formulated in its hyperelastic regime.

In this thesis order of perturbation was limited till the tenth, depending on the response
function or response surface for each numerical example. Procedure of its optimization

is introduced in Section 3.2.

A truncated version of the ISPT called TISPT is not used here principally because the
physical bound of an input variable considered here as random (volume fraction of
interface defects) is not symmetric for all the selected expected values (despite
E(w)=0.5) and secondly because a precise verification of an effect of inclusion of this
bound into a stochastic calculation was not provided. It was also not tested at all for the
response surface method, which is used here in a considerable part of numerical

experiments.

Two other methods serving here as reference are the Monte-Carlo simulation and the
direct derivation method. They both have been selected in their classical form to omit
the error introduced in their modified or approximate solutions mentioned in section
2.2, such as a midpoint Riemann Sum [317]. Classical derivation of probabilistic
characteristics according to the DDM could be found for example in
[110,318,319,138,320], while Monte-Carlo simulation method introduction could be
found for example in [100,107].

3.2. Effective response of a medium

Exact relation between objective function f and random variable 4 can rarely be found.
This is why f(b) must be obtained as a result of some approximate procedure. It is
frequently done with a joint use of discrete numerical experiments or laboratory tests
together with curve fitting algorithms. Discrete points obtained from these experiments
are approximated with some continuous function that satisfies differentiability
and continuity requirements of the SPT or is integrable with a chosen PDF, when
the SAM is preferred. Numerical determination of this function is called either
a response function method (RFM), when it relates a single variable to the objective

function f(b), or a response surface method (RSM), when two or more random input
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variables are related to this function f(b) or some other not random input variables are
also involved f(b, x). The objective function obtained with this procedure is commonly
referred as the effective response or effective function of the medium. Please note, that
in this section the random variable is referred as b to indicate that it is referring to
an arbitrary random variable. In contrast, w refers to interface defects volume fraction —

the input variable used specifically in this dissertation.

Discrete experiments are performed repeatedly around a mean B or expected value
E(b) of random input variables in a range corresponding to a region where PDF of these
variables are not null. Since multiple popular PDFs defining p(b) are absolutely

continuous and have a very limited range where p(b)>»>0, a region of sampling
0
is typically limited to [bo —Abl,b0+Abh] for which p(b)|zo_+AAlh:1. Likelihood

of occurrence of b outside this region, i.e. bE(-OO,b-Abl)U(bJrAbh,JrOO) should be close
to zero. The lower Ab; and higher Ab;, bounds correspond to the PDF. They remain
symmetric to b’ for symmetric distributions of b, such as Gaussian distribution. In case
of unsymmetrical or multimodal distributions, they may not. A range of discrete
sampling shall correspond to the domain of density of occurrence of b so that

an objective function is known in all the regions where p(5)>>0.

This is visualized for a Gaussian PDF on Fig. 3.3, where a response is sampled in
a neighborhood of 3 standard deviations of the input. With such an assumption 0.997
of the occurrences of input random parameter are guaranteed to be inside this interval
[321]. This property of a Gaussian PDF is also known as a three-sigma rule. In this
thesis all the considered input random variables are Gaussian an thus Ab,=Ab;=Ab.
Aratio of Ab/b’ varies in literature [322,323,324] and here two approaches were
proposed: 1. a traditional Dirac-like sampling in 20% neighborhood of b’ and
Ab/b°=0.05 used for RFM and 2. a holistic approach, where a single multivariate
function is selected for all of considered mean values of #°; it is used in the RSM and
corresponds to an increasing volume fraction of interface defects. More detailed

introduction to both methods is available in Sections 3.2.1 and 3.2.2.
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PDF of a Gaussian input uncertainty

-~ 0.997 —

0.341] 0.341

b’-3c be b*+3c

Response function

0.5+ - - ‘ -
b°-3c b° b*+3c
—Response function
< Discrete results

Fig. 3.3 Graphical representation of response approximation in a domain of random
variable occurrence.

3.2.1. Response function method

The response function method applied here for determination of the effective material
properties of the composite base on usage of the weighted least squares method

(WLSM). Polynomial representation of the s™ order is sought (indexed by B here) from

n distinct pairs of (b”;,u(“)) for o=1,...,n. It relates each effective material coefficient

ig
of the composite Cfg distinguished by i to the volume fraction of interface defects w

for each probed hyperelastic potential & These pairs come from a set of numerical
experiments, whose arguments belong to the vicinity of the expected value of b;

a following polynomial approximation is used

CL(w)=u . (beow)= D2 ()b, = (.0, ) (3.63)
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An algebraic condition for these expansion coefficients is calculated at each trial point

in a following way
Ny —u( %) f(D b ) a=1,..,ni=1..0,E=1,..,p. (3.64)

Minimization of the weighted residuals functional is made as follows:

Z aal§ a=1..,ni=1..0¢E=1,.,p (3.65)
so that
of (D.b7%) .
_—22 aa1§ "fal)—() ﬂ:L...,S,l=1,...,0,§=1,...,p. (366)

This derivative is further simplified as

o (D,;.57)

=J  ..= a=1,..,n, B=1,..,s5i=1..0<¢=1,.., 3.67
55 = 50 () B ¢ p (3.67)

modified in a following way

zz af,ié aaz§ aﬂzf z{ Z‘]zxﬂt§ aatguzf

a=1 p=1 (3.68)
=l,..,;;f=L..,s,i=L..,0,{=L..,p

and converted into the regular matrix equations
(Y wID=) wu. (3.69)

Such a system of equations (with the dimensions #n x s) is solved symbolically

in MAPLE 2018 for each effective material coefficient i and each hyperelastic potential.

There exist several important aspects of this approach to follow. The foremost is
the closeness of the sampling to the results of a response function, which is covered by
an algebraic fitting. It also prevents underfitting of the discrete data. Two additional
factors include complexity of the predictor function (response function) and a course

of function just outside the sampling region. In this thesis polynomial response function
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is applied and thus complexity of response function mainly depends on the number
of terms of this polynomial and its rank. Typically together with an increase of these
two factors, the fitting gets closer to perfect. The course of function, however, tends
to go through all the points with an increasing fluctuation between them causing

so called overfitting.

Underfit Optimal Overfit
° * o .-
] [ 24 )] L [ ’ B
= ® @ " = - 6 ) - |.."'"6' >
g ® geo. 0% 3 s Ze o H PR
] R | o 8 D ¥ vl
e, . 3 * ;
E. ® o ¢ ::;'_ ® “,-b ¢ i §_ % ¢
45 "' .5 .‘_u. L3 5 :..'.
ol & ol s Oloe
Predictor variable Predictor variable Predictor variable

Fig. 3.4 Response function complexity related to under- and overfitting [N6].

This is presented on Fig. 3.4, where the optimal predictor function lays somewhere
between the under- and overfitted predictions. Underfitting is treated perfectly well by
a proposed triple criterion, while overfitting is prevented by a visual elimination of
response functions. In practice, the optimal response function is selected as
a polynomial having the highest rank and not yet with fluctuation representing

overfitting. Such an approach is also applied here.

Course of function outside of sampling region is important, yet not always properly
treated factor for a choice of the response function. Even if statistically a density of
results therein is irrelevant, a high gradient of change just after the sampling region may
influence the results of stochastic computations. This especially affects the unbounded
formulations used here. Such a response function is presented on Fig. 3.5, where it
decreases with a very high rate on both ends of sampling region; this is frequently
a feature of overfitted samples but can also happen for these considered optimal from

the previous step of response function optimization.
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Fig. 3.5 An example of a weak response Fig. 3.6 Extended sampling of the
function. objective variable to an input
uncertain parameter.

Such a problem was treated here by usage of a sampling region much wider than
the three-sigma rule suggests. Instead of treating separately each considered expected
value of input volume fraction of interface defects w, a single function covering all
the sampling regions is recovered. Such an approach eliminated the above deficiency of
a closely-sampled response function, still preserving a very high precision
of approximation for each sampling region; it is used here for determination of
the effective material properties of the composite. An exemplary fitting using this
approach is presented on Fig. 3.6 and a detailed consideration of approximation

accuracy for numerical experiments is presented in Appendix B.
3.2.2. Response surface method

A response surface method is an extension of the response function method. It is
introduced for all the objective functions that depend on more than one input variable
and whose exact relation cannot be determined. Specifically, this method must be used
when relation of this function to the target random variable cannot be derived
independently of other variables. Otherwise the response function could be used.
These additional dependencies can be either random or deterministic. Such conditions
apply for the effective stress and effective deformation energy considered in this thesis.
They are both functions of the volume fraction of interface defects w and also of the

invariants (see for example eqn. (6.6) or eqn. (6.15)). These invariants are further
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converted to strains; this is required to confront the results of numerical experiments
with these coming from laboratory tests. In contrast, the effective material coefficients
could all be approximated by the response functions. This is valid, because they are
functions of input random variable and independent from other variables in the

proposed constitutive model.

The response surface method aims to optimize coefficients of the multivariate

polynomial a; ; (decision variables) in form of

u(brb)= Y ) ahiiby', (3.70)
=1 =

where b;, i=1,2 is a set of 2 dependent variables. They may be any combination

of random and deterministic variables.

They are recovered by minimization of square residuals coming from all the discrete

data points recovered from simulations so that

n 2

2 (u(bl),-,bz),-)i — uiexa“) =min, (3.71)

i=1

where n denotes the number of observations; these discrete results come from the FEM
realizations. Minimization is done using the iterative active-set method, which ensures
an accurate solution for the quadratic programming (QP) problem posed here.
The optimization task is quadratic in decision variables because polynomial coefficients
are independent of each other and their square product is optimized. Please note, that
a weighting scheme could also be introduced by multiplication of the residual by weight

W; variable for each observation

2

Z W, (u(bybs,), — u2) =min (3.72)
i=1

that is the objective of the weighted least squares. It is not proposed here, because
selected discretization scheme already favors results close to expectations of the input

random variable. One may also opt to minimize the sum of absolute differences, which
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simplifies the optimization and places it in the linear programming (LP) domain,

but this option is not selected frequently.

The proposed concept may be generalized to any other multivariate polynomial with n

variables and their cross-products, for example

n m n m n

z Wi z z al,i’jbij + Z z azii,jbi - I/lfxaCt =min. (373)

i=1 =1 =1 =1 j=1 i

The only requirement for this polynomial is to have uncorrelated coefficients ay ;.
The type of response function cannot be freely chosen to remain in QP optimization
problem. A complex function may bound the decision variables that would place
optimization in the nonlinear programming (NP) domain. This kind of optimization
problem is not easily solved and very frequently only a local optimum can be sought; it
may be very far from the global solution. A closed-form solution is generally not
available. There are two main reasons for selecting polynomials as function class for the
response surface. First of all, their coefficients are independent of each other, which is
required for smoothness of optimization problem. Secondly, they are easily integrable
and differentiable. This is relevant for two methods used in the stochastic calculus, the
semi-analytical method and the generalized iterative stochastic perturbation method.
The iterative active-set method is preferred over the other available method families,
for example Interior Point or Newton-Barrier Method, because during optimization it
also eliminates the irrelevant decision variables from the objective function. This is
especially profitable for higher order polynomials with hundreds of decision variables

that not necessarily contribute to the objective function in its considered domain.
In its multivariate version, a polynomial representation of the s™ order is sought from n

distinct pairs of [ba,u'a’] for o=1,...,n, where b is a vector of independent variables.

Polynomial approximation of the objective surface follows equation (3.70) and it may

be further modified to a following form

u(b)=> S D"/by = £(Db) s<n. (3.74)

p=l y=1
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A residual at each trial point is calculated as
Ny=u”~f(Db,) a=l..n (3.75)

and a square residual follows equation (3.65). Derivative with respect to the decision

variables is following:

oS 4 Gf(D,ba)
aD(ﬂ) = _2;“}(10{}/{&) aD(ﬂ) ﬂ = la ey S (376)
It can be next simplified to
o (D.b,)
J=J,, :—8D(ﬂ) a=1,..,n pf=1,..,s, (3.77)

and converted to equation (3.68), which finally gives regular matrix equations of
(Y wID=) wu. (3.78)

They are similar to the ones in the response function method with an exception that they
are driven by two (or more) independent variables b and much more decision variables
D; it is not important how many random and deterministic variables are involved.
However, discretization of the objective function should span at least the domain of
occurrence of the random variables and also the one of the deterministic variables.
Type of probability density of the decision variables should also be reflected in pattern
of this discretization. A detailed consideration of approximation accuracy of the applied
method for numerical experiments is presented in section 6.2.2 and optimization

procedure of the response surface is included in Appendix C.
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4. Computational implementation

In this section procedure of numerical analysis and general technical details
are provided. It includes definition of the constitutive model, discretization details of the
FEM, solution procedure of the deterministic and stochastic experiments as well as
details of analysis relevant to all numerical experiments. At the end, computational

algorithms used in numerical experiments are provided.

4.1. Finite element method solution details

The finite element method simulations are all solved for the RVE of the composite
inthe FEM system ABAQUS. Its discretization is always the same, but material
parameters are updated for each characteristic value of volume fraction of interface
defects w. FEM realizations of the cell problem are performed in the domain of (g;;,w)
around nine expected values of w in the range of E(w)€[0.1, 0.2, ... 0.9]. Eleven
numerical experiments are performed in their 10% vicinity at 1% difference. For each
volume fraction of interface defects considered and each potential used a separate FEM
solution was performed with a total of 297 FEM computations. The processor used is
Intel 17 6900k with eight cores, wall clock time of each FEM solution is approx. 11000
seconds and RAM required approx. 9 GB.

A direct sparse solver with multi-front technique is used and implemented together with
the full Newton algorithm. Interpolation between increments is linear and in each
increment the displacement of composite outer edges is increased. Deformation of the

RVE is shown in Fig. 4.1.

L, Magnitude
+1.000e+00
+9,168e-01
+8.334e-01
+7.501e-01
+6.668e-01
+5.834e-01
+5.001e-01
+4,167e-01
+3.334e-01
+2.500e-01
+1.667e-01
+8.334e-02
+0.000e+00

Fig. 4.1 Deformation for uniaxial stretch used in numerical analysis.
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An initial increment size is 0.0005, minimum allowed increment size - 10 and
maximum increment size - 0.005. The field and history outputs are written in an
equidistant manner at each 0.005 strain increment, which gives 55 read-outs for each
realization for the considered domain g;;€(0.00,0.275). Such range of strains
is selected to reproduce the laboratory experiments included in section 5. The total
number of increments is much higher but their output is not relevant for further fitting
of the response function, where too many sample points with different strain spacing
would result in a worse approximation than the regular ones due to non-equal weighing
of the sampled domain of interest. The algorithm for strain increment determination

is following:

1. Solver starts with an initial increment.
2. The next increment is always determined by number of iterations required to solve
the last increment
a. if solution is found within 4-10 iterations— next increment is equal to
the previous/initial one.
b. If number of iterations is smaller than 4, next increment is increased by a factor
of L.5.
c. if more than 10 iterations are required for current increment - next increment
is reduced by factor of 0.75.
d. If a severe discontinuity is found for the current increment, current increment
is reduced by a factor of 0.5 up to 10 times. On 11™ reduction the analysis

is aborted with an error.

Once the time for next increment gets close to the next fixed read-out interval, it is
reduced so that analysis passes exactly at this fixed time (understood here as the strain
point in analysis). Please note that this algorithm is sensitive to a sharp increases of
stiffness in the strain domain, which require a very close incrementation. This analysis
may be further extended to higher strain rates, but at strains close to 0,4 mesh
recalculation is already advised due to its excessive distortion. It is not done here to

avoid extrapolation of the results coming from laboratory experiments.

The finite element method discretization of the entire RVE has been prepared with
the use of 20-node three-dimensional iso-parametric finite elements in three-
dimensional physical space. The particle is discretized with regular full-integration

elements called C3D20 in ABAQUS, while the interphase and the matrix with hybrid,
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linear pressure elements (C3D20H in ABAQUS) convenient to model material

incompressibility. The first of these elements is discretized as
20
X= D N i =123 @)
k=1

where the global coordinate system is given as (x!,x%,x*) and the local normalized
coordinate system as (ﬁl,éz,ff). Upon deformation, global coordinates of the i-th node
are defined as X! ,x?,X; and local ones as (E‘;ll(, ii, ii) Shape functions are defined as N

for all nodes in a following way

> corner nodes:

1
N (61.8.8)=5 (1+€'g) (176 ) (1€ ) (€ 6588, - 2) (42)

> side nodes:

Nio(8.82.8%)=1 (1+(g‘)2) (1+£22)(1+8€) for £ =0,82=+1,8=+1 (4.3)
Na(8.28)-1(14(8)") (1+£'e) (1+£'8)) for =081 =+1.61=+1 (4.4)
Nu(€.28)=1(14(E)) (') (14€°8) for =05 =1.5=+1 “3)

The normalized local coordinate system is visualized in Fig. 4.2, separately for each

node.

Fig. 4.2 Iso-parametric 20-noded 3D finite element: physical configuration — left graph,
normalized local coordinate system — right graph [265].
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Selection of an iso-parametric finite element allows usage of the same shape functions

from eqns (5.2-5.5) in description of displacement increments
Au(X,X,,X3)=N(X;,X5,X3) Aqg, (4.6)

in which Aq represents a vector with the increments of the given DOFs (degrees

of freedom).

Increments of strain tensor Ag could be calculated with use of formula (5.6) as

Ae=BAq ; 4.7)
where the strain tensor is given as
1{0ou , Ou  Ouyg du ..
= [ Z 2 Tk Tk =
81) 2 (@XJ X; X @XJ) > L] 1’2,3 (48)

and matrix B contains spatial derivatives of shape functions N. Increments of the stress

tensor could be calculated in a following form
Ao=C(g)BAq (4.9)

where C(g) is a matrix of functions dependent on the strain tensor €. A parameterization
of this FEM model with respect to the interphase parameter w necessary in further
stochastic finite element method implementation proceeds by a selection of the set of its
real values taken from a certain neighborhood of its mean value, sequential
recalculation of several FEM models with varying w and the least squares method
approximation of approximating polynomials independently for strains, stresses

and energies.

Hybrid elements include an additional degree of freedom that determines the pressure
stress in the element directly. The nodal displacements are used only to calculate
the deviatoric (shear) strains and stresses. Formulation of virtual work for these
elements could be found for example in [N7]. A total amount of the finite elements used
here is over 150 000; their type and amount has been selected to obtain the best possible
quality of the results for acceptable computational effort via the error analysis with
respect to the discretization intensity and processor computing time. Discretization of

the RVE is given on Fig. 4.3.
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Fig. 4.3 Representative Volume Element of the composite.

This discretization has been optimized during the initial numerical error verification
to minimize the computational effort necessary for satisfactory efficiency of
the resulting deformation energies obtained in the FEM. An extensive analysis
of relative error of various finite element types in its linear region of deformations has

been performed by the author in [188].

The volume of the filler (CB particles) follows the one of laboratory experiments, which
is 5%. The assigned volume of interphase is also 5% so that its thickness is much lower

than the particle radius. It is visible as the ring around particle on Fig. 4.3.

4.2. Stochastic computations details

Stochastic procedures are all programmed in algebra system MAPLE 2018.
They include the expectations, coefficients of random dispersion, skewness and kurtosis
of effective characteristics of the objective composite. Skewness is output distribution
asymmetry measure and kurtosis is output distribution concentration measure.
Effective characteristics include the material coefficients, deformation energy and
stress. They are determined with three independent methods, which are the generalized
iterative stochastic perturbation, Monte-Carlo simulation and semi-analytical method;
effective deformation energy is determined only by the first two methods.
Separate calculation is done for the three selected hyperelastic formulations. An input
uncertain variable is always volume fraction of interface defects w, whose randomness

is exclusively Gaussian. Reasons for this choice are given in the introduction
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(section 1). Its physical limitations are w, E(w)€(0.0, 1.0); its mean w is always equal
to its expectation E(w). Calculations are done on the full domain of w, no truncation
is provided. Please note, that 0.997 of occurrences of this input random parameter
are guaranteed to lay inside a the three standard deviations interval (as visualized
previously on Fig. 3.3). Since its sampling region included here is very wide, i.e.
w€(0.06, 0.96), an influence of the outsiders on a measure of stochastic characteristics
is very limited. An additional gain of truncation would not be very meaningful and it
must be non-symmetric for all the expectations of w except for £(w)=0.05 because of
its physical limitations. The applied order of the ISPT as well as number of samples
for the MCS 1is always given in sections dedicated to each state variable. It varies
for different analyses. This is because computational requirements for the MCS and its
required discretization density vary for different effective characteristics. The order
of the ISPT is selected after the rank of the response function; it is never below the 6™
order. Calculations are based on a single- or bi-variate polynomial representation of the
effective characteristics w.r.t. the input uncertain parameter. Its coefficients are
optimized with use of the WLSM of equal weights and optimum rank is selected among
first ten ranks for the effective stress and deformation energy and twenty ranks for
the effective material parameters. Maximum allowed rank of the latter is higher because
a single polynomial has much less terms than the bivariate polynomial. Equal weighing
is preferred over Dirac weighting scheme because the expected value of w differs
among realizations and its sampling is already denser close to these expectations. This
already puts a higher weight to a close neighborhood of each E(w). This polynomial
response is retrieved from a series of FEM experiments using the WLSM technique.
They are next integrated together with the Gaussian PDF in a semi-analytical method,
inserted into n™ order Taylor expansions in stochastic perturbation-based approach and
finally subjected to a discrete Monte-Carlo sampling for an increasing a(w) and g;;.
Symbolic calculations in MAPLE always have precision of 12 digits to avoid an
additional calculation inaccuracy. Each analysis is made for nine expectations of the
input uncertain variable E(w)€[0.1, 0.2, ..., 0.9]. Only three of them are presented for
each of the effective characteristic; it is done for the brevity of the results. The only
exception are the sections 6.1.3 and 6.3.3. The first of these instead of E(w)=0.9

presents them for E(w) optimized for each of the potential and the second mentioned
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section strictly focuses on the optimized solution for the objective composite tested

in the laboratory.
Stochastic analysis has three important parts. They are following:

1. Determination of the optimized expectation and coefficient of variation of stochastic
volume fraction of interface defects (E(w),a(w)) for all the selected potentials
provided in section 6.1.2.

2. determination of statistical disorder of the composite effective characteristics ( )
to random variability in the volume fraction of interface defects w; it is provided in
sections 6.1.3, 6.2.3 and 6.3.2.

3. verification of efficiency of a) the algorithm proposed for determination of
(E (w),a(w)) and b) the augmented formulation of the selected potentials
for composites with stochastic interface defects. Verification is based on the

laboratory experiments and provided in section 6.3.3.

Analyses are done w.r.t. the coefficient of variation of this random
parameter a(w)€(0, 0.25) [a(w)€(0, 0.15) for the effective material parameters], for its
increasing expected value E(w) and for an increasing strain in the range of
€11€(0, 0.275). The maximum input dispersion analyzed here is relatively high and
higher than the typical ones presented in stochastic studies especially using the ISPT.
Such a spectrum of a(w) is selected because of a high variability in the defects
dimensions and volume for each particle and also to extend applicability of this study
above the standard level of uncertainty. A crude version of Monte-Carlo simulation is
selected to avoid any loss of accuracy or initial assumptions accompanied with them.
For the same reason a full integration procedure is applied in the SAM and not some
approximation, such as a midpoint Riemann Sum [317], for example. They both serve
as reference method for verification of ISPT accuracy and thus should not include any
simplifications. If one aims to exclusively focus on any of these methods, some of their

augmented variations are listed in section 2.2.

4.3. Computational algorithm

Algorithm for determination of basic probabilistic characteristics for the effective
material properties of hyperelastic composites with stochastic interface defects
is presented in this section. This approach could be applied for various hyperelastic

potentials, and resulting uncertainty in material properties is aimed for direct usage in
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the macro-scale computations of reliability in composite structures. Numerical analysis
is delivered for the high density polyurethane Laripur LPR5020 filled with 5% of
fullerenes F60. Laboratory tests include uniaxial stretch of virgin homogeneous material
and a filled composite, which serves for a verification of efficiency of the proposed
numerical approach in practical case study. Hyperelastic potentials selected for
definition of this composite include Arruda-Boyce, Mooney-Rivlin, and also Neo-
Hookean constitutive models. Numerical experiments are completed using
homogenization method implemented for a cubic single-particle RVE of this composite
using the FEM system ABAQUS. This homogenization scheme is based on numerical
investigation of the strain energy density accumulated in the RVE under uniaxial
stretches. The particle is spherical, remains in linear elastic regime, is centrally located
in this RVE and perfectly surrounded by hyperelastic matrix. The interphase is a thin
layer around particle that has elastic properties weaker than the matrix, because of the
defects located on the particle-matrix transition; these defects are considered as the
semi-spherical voids. A constitutive relation of the matrix is recovered experimentally
in the uniaxial stretch test and approximated computationally by the best fitting
hyperelastic constitutive model. Uncertainty of the voids volume fraction is modeled
using Gaussian distribution with an increasing mean value and coefficient of variation
not larger than 0.15 or 0.25 (depending on analysis type). A relation of the effective
properties to this uncertain parameter is recovered via the response function method
(RFM) and by the least squares method (LSM). The RFM polynomial order is
optimized by simultaneous maximization of correlation and minimization of the LSM
error and variance. Probabilistic calculus is carried out using three independent
approaches, the generalized iterative stochastic perturbation, the crude Monte-Carlo
simulation and the semi-analytical method. Probabilistic characteristics include
expected values, coefficients of variation, skewness and kurtosis of the effective
material properties. It is investigated numerically how the proposed algorithm works for
the objective composite and how a fluctuation of the voids volume fraction affects the
effective composite properties and state functions in the context of probabilistic

analysis.
4.3.1. Stochastic characteristics of the interface defects

Stochastic interface defects characteristics are determined computationally using the

results coming from laboratory experiments and from probabilistic homogenization of
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this composite. It is firstly assumed that it is possible to find such a pair of expected

value and coefficient of variation of volume fraction of interface defects 3 E(w), a(w)

which will ensure equality of expectations of the effective stress coming from the

laboratory  experiments (a’"

lab CB 5%) and these retrieved from probabilistic

homogenization £ (J?:V: 5%) of this composite for all levels of the applied strain g,.

E(f’g=5%) = E(“Zb CB 5%) (&0). (4.10)

Secondly, it is assumed that the only new source of uncertainty in laboratory
experiments of this composite with respect to the tests of virgin homogeneous material

are the uncertain interface so that

o(Fhap B 500) (€D =0T 5 o) (81D
4.11)
+a(0gv=5%) (e — 2C0r(0%b CB 0%»0:%: 5%) (en).

This condition is also valid for the sought pair of E(w), a(w). It means that the

(g1) differs

coefficient of variation of the composite filled with 5% CB a(a}';b CB 5%)

from the one for the virgin homogeneous material a(a}';b CB 0%) (g) only with

a coefficient of variation of volume fraction of interface defects a(a?v:: 5%) (g1) and two

correlations between these two. With such an assumption one could consider

the uncertainty of the effective stress to be following

a5 (&)=

(4.12)
“ (OJZZ’J CB 5%) (&) — o (UZb CB 0%) (&) +2Cor (OJle CB 0%’0§,ﬁva:5%) (&1,

where correlation between all the sources of uncertainty in the laboratory tests of virgin
homogeneous material and the defects volume fraction can be considered null

and expectations of w are contained in an interval (0,1) (physical restrictions)

m eff ~
Cor (”zab B 02%°%¢ w:5%) =0,

(4.13)
E(w)€(0,1).
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Correlation is assumed null because the formulation of interface defects occurs

at manufacturing time and they are not altered afterwards. This is confirmed by the
results of laboratory experiments, where o (O‘Z b CB 5%) (g) —a (0';;’ b CB 0%) (g1) is very

weakly dependent on ¢g;; its magnitude stabilize at a constant level of approx. 0.05

despite some initial fluctuation for small levels of strain (see Fig. 5.8).

Joint nonlinear regression

/ Initial solution \

E g —E (o] B) Emax-E().a ()

( CB 5/) (Emax =0
a(w)g—»d( AB) (emax-E(w),a(w))

( ) (Emax )=0

ﬂ EWw)g
a(w)
/ Nonlinear regression \

. E(w)y ..
Optimize (4.4) ::> Optimize (4.5)

for E(w) for a(w)p

E(w) opb

Until sum of square errors for (n — 1)

\ smaller than the one for n /

Fig. 4.4. Joint nonlinear regression algorithm.

A final optimization problem includes minimization of two objective functions that are

tied together by E(w) and a(w)

2
Ew)—YY, (E(agﬂ_ 50,) (ELEW),a(w)) — E (al"; s 5%) (81)) —min, (4.14)
Y
a() = Y (0 5) (@ EO),000) = (i e, (&) =min (4.15)
I=1
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This coupled problem is solved iteratively using a joint linear regression algorithm that
is based on a nonlinear regression solver provided by the NonlinearFit tool in Statistics

package of MAPLE software. It consists of two consecutive steps presented in Fig. 4.4.

Firstly, an initial guess of £(w), and a(w), is provided. Then the nonlinear regression is
applied iteratively. It starts with determination of a first approximation of E(w), using
an initial value of a(w),. Then a(w), is sought by the second criterion substituting
E(w), to eqn. (4.15). This iteration of nonlinear regression is repeated n times until the
remainder of eqns (4.14) and (4.15) for the previous iteration is smaller than the one for
the current iteration or a maximum allowed number of iterations (400) is reached.
In this work the initial values are read out from figures included in section 6.3.2
presenting the results of previous steps in the probabilistic homogenization algorithm.
This approach proved to be enough accurate, especially because the results of numerical
eff

experiments show a weak dependence of E(O‘E{V) on a(w) and also “(Ugﬁ) on g.

Y

For composites in which these values are more tightly related, a larger number of initial
guesses should be considered and convergence of their solution verified.
The minimization is done using the continuous characteristics returned by the ISPT.
Alternatively, they may also be calculated upon the results of the SAM or any response
function fitted to the discrete results of the MCS. This is not proposed here, because
all the stochastic methods return highly converging expectations and coefficients
of variation, which are almost perfectly coincident close to the determined sets
of {E(w), a(w)}. This algorithm is repeated for all three selected hyperelastic potentials
and for each of them result set may be slightly different. This is because the stochastic
characteristics returned by the ISPT, MCS and SAM depend on an initial choice of
hyperelastic potential especially for higher order stochastic characteristics and high

levels of a(w).
4.3.2. Probabilistic homogenization algorithm

A probabilistic homogenization algorithm for computations performed in this
dissertation is presented in Fig. D.1. It primarily aims to determine the expectation and
the coefficient of variation of interface defects volume fraction. It allows to fully define
the effective uncertain response of a selected composite with spherical reinforcement
and stochastic interface defects. A secondary objective in this algorithm

is determination of uncertainty in the effective material parameters of such a composite.
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They can be further used in structural level of analysis without any need to consider
the uncertain defects. In its intermediate steps, this algorithm also defines
the deterministic and stochastic relations of the composite effective deformation
including the effective deformation energy and effective stress in an uniaxial stretch.
It also provides the effective material characteristics for each of the selected
hyperelastic constitutive models. They are retrieved for an increasing level of strain
and an increasing random dispersion of the defects volume fraction (stochastic
characteristics) or expected value of the defects volume fraction (deterministic results).
This algorithm includes four major consecutive steps (named in green on the graph) that
are further decomposed to smaller procedures (provided in blue on the graph). Each step
ends with a certain characteristic of this composite that are given in black in Fig. D.1.
These characteristics could be used to define the response of this composite and are

used in further steps. They are following:

1. laboratory experiments of uniaxial stretch for two sets of samples. The first set for
a virgin homogeneous material and the second set with n% of carbon black
particles; here 5% is selected. Experiments produce the rough data to feed the

computational part of this algorithm. Their analysis includes expected values

together with its coefficient

. m
of stress under known boundary conditions £ (alab CBn%)

Ot CBn%), they are presented in section 5. These relations for

of variation (1(
the virgin homogeneous material serve for selection of the best constitutive law
to approximate the composite behavior. Results for the filled composite are used in
the final procedure for determination of statistical estimators the input uncertain
parameter, i.e. the interface defects volume fraction; they are expectation and
coefficient of variation. This procedure is explained in section 4.3.1.
2. Definition of computational model for composite phases. It contains two major parts
a) selection of the constitutive models best approximating the matrix in uniaxial
stretch (after laboratory experiments) together with their material parameters CZ,
through fitting algorithm; it is described in Appendix A.
b) determination of the interphase constitutive model and variables Ci’ff (w) defined
according to the selected interphase constitutive model given in section 3.1.3.
In this analysis the CB particle stays in its linear elastic reversible range, while

the interphase and the matrix — in a hyperelastic mode.
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3. Nonlinear probabilistic homogenization that presents the effective material
coefficients of the defective composite together with its state variables, i.e.
deformation energy and stress. It contains three major parts
a) pointwise homogenization, which recovers the discrete relation of the effective

deformation energy and the volume fraction of interface defects
U?;(XX,ILX,IZ ’x,wx) through FEM experiments; its details could be found in

section 4.1 and 4.2.

b) determination of continuous representation of the effective material coefficients

C?;(E(w)), effective deformation energy U?f (Ew)) and effective stress

az;ﬁ (E(w)) w.r.t. the expectation of the interface defects volume fraction; it is

also denoted as w since the mean, expected and characteristic values of this
Gaussian parameter are equal.

¢) determination of the four stochastic characteristics of the three above variables,

ie. ¢, (c‘;’f' (Cz(w))), §4(U§ﬁ (Cz(w))>, , (agﬁ" (Cz(w))) w.rt. the expected

value and coefficient of variation of the interface defects volume fraction E(w),
a(w); they are computed for an increasing level of the applied strain; C (.)
denotes the first n stochastic characteristics of a certain random parameter or
variable. Characteristics are expected value, coefficient of variation, skewness
and kurtosis.

Deterministic relations and stochastic characteristics of these variables are
recovered in sections 6.1 (effective material coefficients), 6.2 (effective
deformation energy) and 6.3 (effective stress under uniaxial stretch).

4. Final computation of the effective composite response with E(w), a(w) found
through application of the joint regression algorithm explained in section 4.3.1.
It consists of two major tasks
a) computation of the expected value and coefficient of variation of the volume

fraction of interface defects E(w), a(w) for the objective composite with
stochastic interface defects. It is included in section 6.1.2.

b) determination of the first four stochastic characteristics of the effective material

coefficients for each of the selected constitutive models ¢, (Ce {Z{(Cz (w))), of the

effective deformation energy , (U’éij (Cz(w))) and of the effective stress
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&, (agﬁ (Cz (w))); the stress is presented together with the relations obtained in

laboratory experiments to verify this algorithm.
Results of this step are included in sections 6.1.3, 6.1.4, (effective material

coefficients), 6.2.3 (effective deformation energy), 6.3.2 and 6.3.3 (effective stress).

Intentionally, this algorithm is kept independent from the underlying hyperelastic
potential denoted as &. This is especially important because all of these potentials have
some specific range of applications and material parameters differ for all of them.
Some of the parameters have a strict physical meaning, as the 4, in Arruda-Boyce
constitutive model. The others are purely numerical, for example the coefficients in
various polynomial approaches. As documented in section 6.1, a classical approach for
stochastic analysis and homogenization using scatter of the material coefficients ties the
analysis to a specific potential. Such an approach leaves limited possibilities for result
verification and interchangeability. Variation of material parameters in hyperelastic
regime should rather be perceived as a derivative of the randomness in material
response and not otherwise, especially when these parameters are purely
phenomenological. This is even more important for multi-phase composites, where each

phase could work in different regime and be governed by a different law.

Please note that this algorithm is designed for an arbitrary volume fraction of the filler,
which can be either spherical compound (it is not at all limited to carbon black).
Such procedure may also be performed for non-isotropic composites, even the fully
anisotropic ones. In this case, however ,the number of laboratory tests required will be
much higher than in the isotropic case. It will work also for different than Gaussian type
of uncertainty in defects volume fraction, but will require a much higher number of
samples in sets of laboratory experiments than these for the Gaussian parameter. This is
because a precise determination of skewness, kurtosis and even higher stochastic
characteristics will be potentially required for determination of the input uncertain

variable PDF.

The proposed algorithm enables determination of the effective uncertain response of
a given composite with interface defects for a selected hyperelastic potential. Its major
advantage is lack of requirement for prior information of the defects formed on its
interface. This algorithm also returns an estimate of the volume fraction of this defects

together with a coefficient of its dispersion. It further allows to incorporate the returned
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uncertainty in material parameters of the selected constitutive model into the
macromolecular analysis; their randomness intrinsically accounts for the uncertain
interface defects. All of this is possible with a limited need of costly laboratory

experiments; only two sets of relatively simple tests are required.
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5. Laboratory experiments

5.1.  Objectives of laboratory experiments

The principal objective of laboratory experiments is recovery of the stress-strain relation
of the selected high density polyurethane (HDPU) composite together with its first two
stochastic characteristics. They are used at various stages of numerical experiments
(presented in section 6) for their calibration and verification. Specifically, they support
selection of the matrix constitutive relation, are fundamental in numerical determination
of the volume fraction of interface defects in this composite (its expected value and
coefficient of variation) and serve for the final verification of applicability of the

proposed stochastic algorithm.

5.2. Material preparation and test bench

Laboratory tests include classical uniaxial stretch and cyclic uniaxial stretch. They have
been done a) for the high density polyurethane Laripur LPR 5020 and b) a composite
with matrix made from this material reinforced with 5% carbon black particles F60.
Each test consisted of a set of 10 samples with height of 14+2 mm and thickness equal
to 4.7+0.6 mm. They have been prepared from granulate, which was melt and formed
into a thin cuboid of constant thickness 0.954+0.5 mm and cut out to the required shape.
Their geometrical dimensions were measured with a digital caliper having accuracy of
120 pm. Stretch has been applied as vertical elongation (Fig. 5.1 ¢) with deformation
rate of 10 mm/minute for all tests. All of them have been made for a range of strain of
€11€(0.00, 0.275). Strain cycle consisted of 10 consecutive increases of strain till
€11=0.275 followed by relaxation to near zero strain. Experiments have been performed
on INSTRON 5582 machine (Fig. 5.1 a) at room temperature. Samples were clamped at
both ends during the entire analysis. No onset of damage was observed; samples were
neither necking nor cracking. A result of experiments was engineering stress o7, and

corresponding engineering strain €;;.
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Fig. 5.1 Test bench (a) test specimens (b) and zoom on the test specimen (c) used for
uniaxial stretch of high density polyurethane Laripur LPR 5020.

An exemplary sample is presented on Fig. 5.1 b), set of samples for virgin
homogeneous material is shown on Fig. 5.2 and set for samples reinforced with 5%

carbon black is presented on Fig. 5.3.
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Fig. 5.2 Samples of virgin homogeneous material made from Laripur LPR 5020 high
density polyurethane (HDPU).

Fig. 5.3 Samples of composite made from Laripur LPR 5020 reinforced with 5%

particles of carbon black.
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5.3. Results

5.3.1. Single stretch

The stress-strain curves coming from a single stretch of the virgin homogeneous
material Laripur LPR 5020 are shown on Fig. 5.4. They present all 10 experiments
distinguished by colors that all have close loading curves. Linear-elasticity region
ranges €;;€(0.00, 0.027). It is followed by a local softening at g;;€(0.03, 0.07) with
corresponding stress of o, €(4.4,4.9) MPa. The stress difference between the
experiments increases a little together with an increase of €;; up to 10% of the expected

value for the highest strain level.

0" 0 cos (0.275.max)=24.3 MPa

25

20

15

. ™ cpase (0.275,max)=21.8 MPa

0" 1 cpovs [IMPa]

0 0.0250.05 0.075 0.1 0.125 0.15 0.175 0.2 0.225 0.25 0.275

&1 [-]
Fig. 5.4 Experimental stress-strain relation for the 10 specimens of Laripur LPR 5020
under an uniaxial stretch.
The composite (Laripur filled with 5% CB) is much softer than the virgin homogeneous
material. This is because of the defects that form on the particle-matrix interface.
Its stress-strain curve under uniaxial stretch is presented on Fig. 5.5 for 10 specimens.
The maximum stress is much lower than the one for the pure material -
0" 1ab cB5%le;,=0275=19 MPa and also scatter of results for consecutive specimens

1s much bigger.
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Fig. 5.5 Experimental stress-strain relation for the 10 specimens of Laripur LPR 5020
under uniaxial stretch.

This is exemplified on Fig. 5.6, where the ratio between expected values of these
stresses 1s plotted w.r.t. the strain (blue curve, right axis). Upon initial variation at low
strains €;;€(0.0, 0.06) it increases to a little over 1.4 and stabilizes. The two expected
values are also plotted on this graph (gray and black curves, left axis), which further
proves that a character of deformation is retained in-between the filled composite and

the virgin homogeneous material.

Coefficient of variation corresponding to a single uniaxial stretch laboratory tests
a(oﬁb’s) is presented on Fig. 5.7 for both, the virgin homogeneous material (gray) and
the composite (black). It firstly shows that it is not constant with respect to the strain
level. It is the highest for strains close to zero (g1;~0) and then decreases together with
an increase of strain; difference between these two extremes is almost tenfold. A strong
variation of a(oﬁb’s) is observed in the region of local softening with a peak of
a(af,,)=0.018 for the virgin homogeneous material and a little over (a7, )=0.02 for

the composite.
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Fig. 5.6 Comparison of the stress-strain relation for the pure Laripur LPR 5020 material
and the objective composite under uniaxial stretch.
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Fig. 5.7 Coefficient of variation of stress w.r.t. the strain &;;.

Coefficient of variation of virgin homogeneous material is lower than the one of the
composite, but they both have a very similar relation to the strain. Since a(aﬁb,s) is
clearly not constant for different levels of strain, so is the randomness of o7, ,; this also

holds for the cycling loading (see Fig. 5.13). It indicates that application of a probability

density function (PDF) independent from strain may be suboptimal for this material and

91



Probabilistic analysis of composite materials with with hyperelastic components

other hyperelastic continua also. This conclusion is the principal reason for including
the strain level in further stochastic experiments performed in the numerical part of this
thesis. Such an approach considerably increases complexity of calculations but it
enables a check of the effective characteristics for desired uncertainty level and a level
of the strain. It is especially affecting the Monte-Carlo simulations, because they must
be repeated for different strain levels in relatively close intervals, unlike the stochastic

perturbation or semi-analytical approach.

The last graph presented on Fig. 5.8 shows a difference of coefficient of variation of
stress in uniaxial stretch between the pure material and the composite. Upon a small
variation for the low strains, this difference stabilizes with magnitude of approximately
0.005. Such behavior indicates that an addition of the filler and subsequent generation
of the interface defects introduce additional dispersion of stress that has a rather
constant character for higher strains. This conclusion is especially important for the
algorithm proposed in section 4.3.1, because it constitutes one of its conditions; this

algorithm determines the statistical estimators of input uncertain variable.

0.04

(CB 5% - CB 0%)]

0 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2 0.225 025 0275

Fig. 5.8 A difference of coefficient of variation of stress in uniaxial stretch between the
pure material and the objective composite w.r.t. the strain g;;.

It is assumed here that the only source of uncertainty in the filled elastomer additional to
the ones already present in the pure material are the interface defects. Thus, this graph

is considered to directly represent their influence on uncertainty of deformation of
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the filled material; this assumption is further used in numerical part of this dissertation.
It is plausible firstly because a) treatment of all the specimens, both filled and unfilled,
was always the same, b) they were tested on the same test bench in short span of time
(environmental conditions did not change for different sets of experiments) and also
because all the experiments were performed and samples prepared by the same person.
Of course, the matrix of the composite is made with the same batch of Laripur as pure
material samples. Number of samples in set may be considered too small for
determination of statistical estimators, but please remember that each experiment
consist of approximately 500 of read-outs by the test bench for single stretch case so

that total number of trials is around 5 000 and not 10.

At this point Hypothesis 4 is confirmed. Stiffness and effective stress of the objective
(HDPU-CB) composite subjected to uniaxial stretch is lower with respect to the virgin
homogeneous material and the coefficient of variation of the effective stress is higher.

Difference between these coefficients of variation stabilizes with an increase of strain.
5.3.2. Cyeclic tests

Cyclic tests have been performed (a) for the virgin homogeneous material made from
Laripur LPR 5020 (Fig. 5.9) and (b) for a composite filled with 5% carbon black
fullerenes (Fig. 5.10). Their results show that the virgin homogeneous material has a
little higher stiffness and much smaller dispersion than the composite. This indicates
that the bond between reinforcement and the matrix is defective, because carbon black
has a higher stiffness than the matrix. Both graphs clearly indicate a stiff first loading
curve followed by an unloading curve and consecutive always softer loading/unloading
curves. This holds for all ten realizations distinguished by colors. In first cycle the
linear-elasticity is kept until €;;~0.03 above which material undergoes a local softening

till around €;;=0.05 — 0.07.
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Fig. 5.9 Stress-strain relation of Laripur LPR 5020 under cyclic uniaxial stretch.
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Fig. 5.10 Stress-strain relation of Laripur LPR 5020 filled with 5% carbon black under
cyclic uniaxial stretch.

Above softening material regains stiffness close to the linear-elasticity that decreases

together with an increase of strain and allow an increase of applied stress until the end

of the loading phase. During first unloading material returns to near zero strain with a
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lower curve. In the second and above cycle the loading curve follows previous
unloading curve and the unloading is a little softer than the previous loadings.
The highest loss of stiffness is observed for the first unloading. Softening occurs at

higher stress and has smaller strain range for pure material than for the composite.

Expected value of stress w.r.t. applied strain is presented on Fig. 5.11. It firstly shows
that on average the virgin homogeneous material sustains much higher stress -
oy =23.6 MPa vs o7}, =17.4 MPa and has a little higher loss of stiffness from the first

unloading. It also quite clearly presents an exponential character of stress curve, much

more evident than for the composite.
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Fig. 5.11 Expected value of stress coming from experimental tests w.r.t. strain level.

Next, the stress envelope is presented on Fig. 5.12 with minimum, maximum and mean
loading curves for both sets of experiments. The envelope of loading and unloading is
a little narrower for the virgin homogeneous material than for the composite.
The situation is the same for the absolute difference between the highest stress and
the lowest at £;;=0.275, which is much smaller for the pure material. Next, standard
deviation of the cyclic lading experiments is presented on Fig. 5.13. It is much higher
for the composite than for the pristine material and clearly is not constant for different

levels of strain. It has a considerable difference in-between the loading-unloading cycles
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and always increases together with an increase of strain. It reaches 1.6 MPa for the

composite and almost 1.1 MPa for the pure material.
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Fig. 5.12 Maximum, mean and minimum values of stress curves coming from

experimental tests w.r.t. strain level.
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Fig. 5.13 Standard deviation of stress coming from experimental test w.r.t. strain level.
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6. Numerical experiments

Numerical experiments consists of three main parts presenting results for different state
variables; each of them is focused on different aspect of the composite effective
response in deterministic and stochastic context. In section 6.1, the effective properties
of the composite are calculated. In section 6.2, the effective deformation energy
is verified and in section 6.3 the effective stress is determined. Results of numerical
analysis are not fully presented in an order of the probabilistic homogenization
algorithm. Instead, they are grouped into sections focused on each considered effective
state variable of the composite. Firstly, the deterministic results are provided and then
the stochastic results are presented. These results always include the expected values,

coefficients of variation, skewness and kurtosis of the state variables.

Graphs of the following sections commonly include multiple colors and symbols.
They are used to differentiate the results of the alternative methods or approaches.
Legends included in these graphs commonly use abbreviations. They are all
summarized here to avoid their repetitive introduction in following sections.
Potentials include the Mooney-Rivlin ‘MR’, Arruda-Boyce ‘AB’ and Neo-Hookean
‘NH’. Methods used for computation of stochastic characteristics are the generalized
iterative stochastic perturbation ‘ISPT’, the Monte-Carlo simulation ‘MCS’ and the
semi-analytical approach ‘SAM’. Graphs connected to deterministic experiments denote
discrete FEM results as ‘FEM’, the augmented material model as ‘AMM’ and the
bivariate polynomial approximation as ‘BPO’. Graphs connected to stochastic
experiments commonly include E(w)=0.(.), which always denote the expected value of
volume fraction of interface defects w, for which they were calculated. The above
mentioned abbreviations are commonly concatenated on the legend joining by a space.
For example, ‘ISPT MR’ means that this result was obtained with use of the generalized
iterative stochastic perturbation method and the Mooney-Rivlin constitutive model for
matrix (and the interphase as well, see section 3.1.1, eqn (3.4)). There also exist
additional abbreviations used locally in the legends, which are described once the figure
is mentioned in the text. The different approaches, methods or parameters are always
differentiated on these graphs by colors or/and symbols. Specifics of this division are
inherent to each graph or group of graphs; they are included in description of each

section.
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Numerical experiments report results for three alternative potentials of the matrix
and the interphase of the composite denoted by & This has been done to verify
effectiveness of the proposed computation algorithm independently from them. Such
an approach has only been waived for consideration of stochastic characteristics of
the effective deformation energy. This is because coincidence of their deterministic
results is very high and does not provide significant addition to the observables coming

from analysis of the effective stress.

6.1. Effective material properties of the composite

In this part of research the effective material properties of the defective composite are
computed under uncertain volume fraction of interface defects w (alternatively called as
the weakening coefficient) together with their stochastic characteristics. It presents these
effective properties together its first four stochastic characteristics relative to the
variable volume fraction of interface defects w. Their characteristic values given in the
deterministic analysis are intended to directly serve for inclusion in simulations of this
composite on the structural level. The exact values for the known volume of interface
defects could be simply read-out from the below graphs. If this volume is not known a-
priori, it may be computed according to the algorithm proposed in section 4.3.1.
Next, stochastic characteristics of the interface defects are recovered with use of this
algorithm and at the end they are used to recover the uncertainty in material coefficients

of the objective composite tested in laboratory experiments.
6.1.1. Deterministic experiments

Deterministic experiments contain results of the effective material parameters of the
composite with interface defects. They are presented relative to the volume fraction of
interface defects w. Computation follows the procedure explained in Appendix B. It is
done for all the three selected hyperelastic potentials of the matrix and the interphase.
Results are ordered on separate graphs for each potential, because they all have
a distinct set of parameters. They are presented on the below figures, which distinct
the discrete  FEM results with black asterisk and their optimized polynomial
representation with red circles. These graphs are plotted w.r.t. the volume fraction
of interface defects in a range of we(0.06,0.96). Effective parameters exclusively
dictate the response of this composite for all deformations and for a variable interface

defects intensity.
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Fig. 6.1 Approximation of effective material properties for Arruda-Boyce model a) Cfﬁ;,
b) ,1;@ w.r.t. the weakening coefficient w.

The first graph presented on Fig. 6.1 shows the two parameters included in the Arruda-

Boyce potential, i.e. C?J;B and A%, The former is depicted on the left (Fig. 6.1 a),
and the latter on the right (Fig. 6.1 b). Parameters have quite different dependence on
the volume fraction of interface defects; C?Z]B exclusively decreases together with
an increase of w, while 1%, 15 Increases up to w=0.66 and then decreases. Their order of
magnitude substantially differs, it is much larger for C?Z - 1n range of 107 and 10° for

zj?;. The ranks of polynomials selected are 10™ and formulae are following (polynomial

coefficients are reduced to 3 digits from original 12):

Y, 5=3.88:10" — 5.07-10%w — 7.28:107-w?+5.67-10%w* — 2.50-10°-w*
+6.42:10°w° — 1.00-10"%w0+9.71-10%-w”
—5.98-10°-w8+2.35:10°w° — 4.92:10%-w1°, (6.1)

AL =2.91+0.511-w — 7.29-w*+17.5-w3+283 w*+2.27-10° w3 +7.45-10° b

+1.31:10*w” — 1.27-10*w8+6.55-10> w+1.37-10° w0

The proposed optimization procedure allows an almost perfect approximation of
the discrete results for the entire considered spectrum of volume fraction of interface

defects.
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Next, the second set of parameters corresponding to the Mooney-Rivlin constitutive
model is presented on Fig. 6.2. This set includes two parameters of Ce 1. mR» and C;%R

They both exclusively decrease together with an increase of w and they have a much

closer magnitude than the ones for the Arruda-Boyce constitutive model. It is in order of

10° — 107; Coj wr 1s approximately 5 times bigger than the C?’fMR and they are both
reduced almost to half of their original value for a highly defective interface. Ranks of
the approximating polynomials are the 9™ for Ce iz and the 8" for C; MR

CPx=1.83107 — 8.24-10°w+7.11-107-w? — 5.73-10%-w+2.49-10%w?*

—6.5410°-w3+1.05-10"%wb — 1.03:10'°w7+5.56:10°-n8
—1.27-10w°, (6.2)

CZ,x=3.53:10° — 5.25:10%w+4.62:10" w2 — 2.82:10%w3+1.02:10w?*

—2.16:10°-w342.66:10° w5 — 1.76:10°-w+4.08-10%-w8
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Fig. 6.2 Approximation of effective material properties for Mooney-Rivlin model a)
MR, b) C5 2 MR w.r.t. the weakening coefficient w.
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Fig. 6.3 Approximation of effective material properties for Neo-Hookean model cj{{,},
w.r.t. the weakening coefficient w.

Again, a polynomial representation of these coefficients is coinciding very well with the

discrete results.

The third graph (Fig. 6.3) presents a single parameter Cfg{ leading its response. It is
a little less affected by the volume fraction of interface defects w than the first
parameters of alternative hyperelastic formulations; reduction reaches approximately

30% for the extreme values of w, but its magnitude is relatively close to the one
of CﬁﬁMR and C??; B
Rank of the approximating polynomial is the 10" for
C0=2.09-10" — 5.74:10°w+1.33-10"-w? — 1.43-10%w*+8.14-10% w*
~2.90-10"w5+6.64:10°-w® — 9.77-10°w"+8.91-10"w*® (6.3)
—4.57-10°-w*+1.01:10"-w'°.
At this point Hypothesis 5 (a) is confirmed, because the approximating polynomials

of the effective material properties do not include the strain at all. Their accuracy

in approximation of the effective deformation energy is confirmed in section 6.2.2.
6.1.2. Stochastic characteristics of interface defects

Stochastic characteristics of the volume fraction of interface defects {,(w) are presented

next. They have been calculated with use of an algorithm presented in section 4.3
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and include the two characteristics guiding the Gaussian PDF, i.e. the expected value
E‘ép ‘(w) and coefficient of variation agp ‘(w). They have been determined separately for
each of the augmented hyperelastic material and are all gathered in Table 6.1. A relative
difference of these optimized for Arruda-Boyce constitutive model is shown in Fig. 6.4.
A relatively good approximation is already available in the first iteration, where
difference stays below 7%. The algorithm stops after the eight iteration and it may have
been even stopped earlier if a less restrictive conditions were applied. The remaining

two hyperelastic potentials require 6 (Neo-Hookean) or 7 (Mooney-Rivlin) iterations.
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Fig. 6.4 Relative difference of optimized Fig. 6.5 Histogram of w for the selected

stochastic parameters of w for hyperelastic potentials.

n'™ algorithm iteration.
The levels of expectations that are required to represent the defective composite from
laboratory experiments are relatively high, above Egp ‘(w)>0.85. This means that
the objective composite is heavily defective (has a large number of interface defects).
This is in agreement with the laboratory tests, for which the composite was softer than
the virgin homogeneous material, even though at theoretical limit it allows approx. 22%
stiffer response. Coefficient of variation of these volume fraction of interface defects is,
on the other hand, not so high and below agp [(w)<0.05 . This means that even
a relatively low uncertainty in interface defects already causes this composite to exhibit
uncertainty evidenced in the laboratory experiments (see Fig. 5.8 and Fig. 5.7).
Interestingly, the level of statistical dispersion of the defects for such high expectation

E‘ép ‘(w) is very close to the level of dispersion in the composite. This observation proves
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their high influence on the effective response. Specifically, an increase of E(w)
decreases the effective response of the composite. Secondly, a(w) increases
the statistical dispersion of this response approximately to the same level for
the optimized EZ'(w) and a2'(w). A wider discussion on this topic is provided
in section 6.3.2. Characteristics recovered for the Arruda-Boyce and Neo-Hookean
augmented potentials are very similar, while the ones for the Mooney-Rivlin differ from
these. The Mooney-Rivlin based calculations report a higher expectation, quite close to
the physical limit of 1 and lower coefficient of variation than the other two. This is
majorly because the Mooney-Rivlin reports a higher expectation of the effective stress
than the remaining methods, which requires a higher level of interface defects to match
the laboratory results. It is accompanied by a drop of the coefficient of variation aif,’; (w)
to ensure the same level of uncertainty of the effective stress, because a(aeﬁ) always
increases together with an increase of a(w). Uncertainty in volume fraction of interface
defects is next evidenced on histogram presented in Fig. 6.5. It further exemplifies
closeness of the results for the Arruda-Boyce and Neo-Hookean potentials. In these
constitutive models, variation of w does not exceed the physical limit of this parameter,
which is not the case of the Neo-Hookean model. A maximum of w=1 is exceeded for
approx. 25% of its population. This implies that this constitutive model requires
a bigger interphase then applied here (5%) to replicate the behavior of target composite
and be in full accordance with theoretical limits.

Table 6.1 Optimized stochastic characteristics of the volume fraction of interface
defects w.

h teristi
characteriste Arruda-Boyce Neo-Hookean Mooney-Rivlin
/ potential

Expectation

E"(w) E%(w)=0.87619 ES(w)=0.86879 Ee (w)=0.96681

Coefficient

of variation ah (w)=0.045903 anh (w)=0.04541 ahe (w)=0.03801
opt

a: (w)

The optimized coefficients next serve for calculation of uncertainty in the effective

material coefficients of this composite due to the stochastic interface defects. It is
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presented in section 6.1.4. Finally, they are used to model the response of the objective

composite that is discussed in section 6.3.3.

At this point part (3) of the thesis is confirmed. Algorithm proposed in section 4
allows determination of the statistical estimators of the normally distributed volume
fraction of interface defects in this composite. This estimators include expectation

and coefficient of variation of the input volume fraction of interface defects.
6.1.3. Stochastic experiments

Next, the stochastic disorder of the effective composite properties is studied. It is done
relative to statistical variability of the input random parameter w for fluctuating
expectation of the volume fraction of interface defects in range
of Ew)€[0.1, 0.5, 0.967] and for its increasing coefficient of variation
a(w)€(0, 0.15). The highest expectation differs for the three hyperelastic potentials.
It is E(w)=0.876 for Arruda-Boyce, E(w)=0.869 for Neo-Hookean and E(w)=0.967 for
Mooney-Rivlin. This choice follows the magnitude optimized for representation of the
composite tested in laboratory experiments for each of these constitutive models,
presented in previous section. It is preferred over constant highest expectation firstly
because these effective parameters are not directly comparable in the first place and
secondly to avoid repetition of these graphs for optimized set of {E(w),a(w)} that is
used in section 6.3.3. Stochastic characteristics are computed for the three sets of
properties driving response of the three selected hyperelastic constitutive models.
They are calculated from their polynomial representations given in eqns (6.1), (6.2)
and (6.3) with use of the three selected stochastic methods. They are the generalized
iterative stochastic perturbation method (ISPT), Monte-Carlo simulation (MCS)
with 250 000 trials and the semi-analytical approach (SAM). The MCS is calculated in
11 equidistant intervals of a(w)€{0, 0.01(6), ..., 0.15} with one additional calculation

for ocgp ‘(w). Order of the ISPT applied ranges from the 8" till the 10™ and it follows the
rank of the polynomials so that 10™ order is applied for C’iﬁNH, Cc;{j;B and C%B, while
the 8" order for CiﬁMR and C’;@R Please note, that for the Gaussian type of uncertainty

in the input, the odd orders are explicitly zero, so that for C??Zm the 8" order is applied.

The below graphs always distinguish the stochastic methods by the symbol (diagonal
cross for the MCS, circle for the ISPT and box for the SAM); the colors distinguish

expected value of voids volume fraction E(w). Characteristics considered in this study
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include three sets of the expected values E(ijg), coefficients of variation a(C‘zg),

skewness B(C?) and kurtosis k(C%) of the effective composite properties, where ¢
i i

denotes the three selected hyperelastic constitutive models and i differentiates

the coefficients.
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The expected values of all the properties £ (Cf?) are reported on Fig. 6.6 for the Arruda-

Boyce model, Fig. 6.7 for the Mooney-Rivlin model and Fig. 6.8 a) for the Neo-

Hookean model. They firstly show that the statistical disorder of the volume fraction of
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interface defects is relevant only for the highest considered expectation E(w)=0.876.

At this level its increase results in a substantial increase of E(C5 R) and E(C] H)

decrease of the E(C% MR) as well as E( IAB) and E(/leﬂ
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Fig. 6.8 Expected value a) and coefficient of variation b) of the effective material
property for Neo-Hookean model Ce}ﬁ]va

An increase of the expectation of volume fraction of interface defects results in a
decrease of all the expectations except for the E(/l Af ) whose highest magnitude is
reported for the middle E(w)=0.5. This observation follows the relation of these
coefficients to the weakening coefficient w, which has a local maximum at w=0.66. The
three stochastic methods return almost perfectly coinciding results with an exception of
several simulations of the MCS for the highest E(w), which return a little distant results;

they always differ from the other methods less than 10%.

The coefficients of variation of the effective composite properties a( ) are reported

on Fig. 6.8 b), Fig. 6.9 and Fig. 6.10 w.r.t. the coefficient of variation of the volume
fraction of defects a(w). The first of these reports results for the Neo-Hookean model,
the second for the Arruda-Boyce and the third for the Mooney-Rivlin.
These coefficients always increase together with an increase of a(w) and their
magnitude depends heavily on the level of E(w). For the highest E(w) they are
substantially higher than the coefficient of variation of the input a(w) and they decrease
more than 10 times already for E(w)=0.5. They decrease further for E(w)=0.1, for

which they became insignificant. Their magnitude greatly varies for all the effective
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properties not only in-between the constitutive models, but also within the set
of properties in each model. For example, magnitudes of (x( B) is up to three times

higher than the one of a(/l ) This observation clearly indicates that they should be

treated as a separate stochastic unknowns in the constitutive models even if they are

considered Gaussian.

| 0.15 i
0.5 ; |
0.4 i ] i M
: ) 0.10 E j——
o il ;) 03 | S a(xﬂ,) i 3 i
1, | [-] A
: | ] 0.05 i R
| B
v e o L
AL GEEEEEEE
0 0.05 0.10 0.15 0 0.05 0.10 0.15
a) a(w)[-] b) a(w)[-]

MCS E(w)=0.1 - MCS E(w)=0.5  MCS E(w)=0.876
ISPT E(w)=0.1'_ISPT E(w)=0.5 ISPT E(w)=0.876
SAM E(w)=0.1] SAM E(w)=0.5] |SAM E(w)=0.876

ISPT E(w)=0.1_ISPT E(W)=0.5 ISPT F(w)=0.876
SAM E(w)=0.1/ SAM E(w)=0.5 |SAM E(w)=0.876

‘ MCS E(w)=0.1 - MCS E(w)=0.5  MCS E(w)=0.876

Fig. 6.9 Coefficient of variation of effective material properties for Arruda-Boyce
model a) C‘j YA

0.8 ; 1- ;
| | |
0.7- I ] | ]
' : 0.8 i
0.6- ! |
1 | |
0.5 [ !
eff ] | eff %8 |
(k) 0. ! 0 o Glk) | i
| -
- 1 - |
[ ] 0.3 i [ ] 0.4- i
1 |
0.2 ! L] R
| ! _ 0.2- |
0.1- | E —i
| ;J I=fe L .
oig-8 i BB E A BEEEEEREEaD
0 0.05 010 0.5 0 0.05 0.10 0.15
a) (W) [ -] b) a(w)[-]
MCS E(w)=0.1 ~ MCS E(w)=0.5 = MCS E(w)=0.967 MCS FE(w)=0.1 - MCS E(W)=0.5 ~ MCS F(w)=0.967
ISPT E(w)=0.1"_ISPT E(w)=0.5 ISPT E(w)=0.967 ISPT E(w)=0.1" ISPT E(w)=0.5 ISPT E(w)=0.967
SAM E(w)=0.1 |SAM E(w)=0.5/ |SAM E(w)=0.967 SAM E(w)=0.1/ [SAM E(w)=0.5] SAM E(w)=0.967

Fig. 6.10 Coefficient of variation of effective material properties for Mooney-Rivlin
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As already mentioned, coefficients of variation of the effective composite properties

differ in-between the constitutive models so that the same composite approximated
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by different potential will have a different level of uncertainty in its parameters. This is
not obvious and totally different for the elastic isotropic case, where this composite has

only two material coefficients. The stochastic methods return very similar results
of a(C‘Eﬁ ) regardless the level of input dispersion a(w) and its expectation E(w).

This does not apply only for a(C%VH) reported for the highest E(w), where the three

methods start to diverge at a(w)>0.11. Despite this result, they report only minor

differences.
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eff
b) A5
o= - =T 5
| L
N ! , 4 i
| I
il | _ ,
| I
-1 ! 34 i
|
off | oy '
ﬁ((’l,MRJ i ]3((3’ .\-IR) 2 i
[-] i [-] ] |
-2 | 1] i
| 1 e
| OL';J : i [
| ] :
-3 i 14 - .
0 0.05 0.10 0.15 0 0.05 0.10 0.15
a) o(w) [ -] b) o(w)[-]
MCS E(w)=0.1 - MCS E(w)=0.1 ~ MCS E(w)=0.967 MCS E(w)=0.1 ~ MCS E(w)=0.5  MCS E(w)=0.967
ISPT E(w)=0.1 _ISPT EW)=0.5 _ISPT F(w)=0.967 _ISPT E(w)=0.1 _ISPT E(w)=0.5 _ISPT E(w)=0.967
SAM E(w)=0.1__SAM Ew)=0.5__SAM F(w)=0.967 SAM E(w)=0.1__SAM Ew)=0.5]_SAM F(w)=0.967

Fig. 6.12 Skewness of effective material properties for Mooney-Rivlin model a) C%QR,
b) C5/h.
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Skewness of the effective composite properties [3( ) is reported on Fig. 6.11, Fig.
6.12 and Fig. 6.13 a) for the Arruda-Boyce, Mooneay-Rivlin and Neo-Hookean models,
respectively. It is predominantly negative for all the constitutive models, input
coefficients of variation and expectations. The two exceptions include the

(Ce MR,E(W):O.967) and B(i%,E(w)=O.876,a(w)>0.13) for which it is positive.
Magnitude of this skewness almost exclusively increases together with an increase of

a(w) and in most cases it also increases together with an increase of E(w). Similarly to

the a(CfJg skewness has a unique character and magnitude for all the properties.

Results of the selected stochastic methods produce a convergent result only for a limited
coefficient of variation of the input a(w) that decreases together with an increase of
E(w). In the worst case the ISPT starts to report different results for a(w)>0.05, and the
two other methods at a(w)>0.06; they still usually remain very close for all considered

levels of a(w) for all parameters with £(w)=0.1 and many with E(w)=0.5. In all cases
the genaral course of relation of B( ) w.r.t. a(w) is the same for the three stochastic
results. Because of this, this skewness can always be considered as bound in a closed
interval for each level of a(w), for example
B(Cﬂ MR,E(W)=0.967,(1(W)=0.05)E(—1.45, — 1.95). This still offers a quite precise
information of this characteristic; some level of disagreement of the results does not

invalidate them.
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Fig. 6.13 Skewness a) and kurtosis b) of the effective material property for Neo-
Hookean model C‘} -
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Fig. 6.15 Kurtosis of effective material properties for Mooney-Rivlin model a) C?,%R,
b) Cze

Kurtosis of the effective composite properties K(Cfﬁ ) is reported on Fig. 6.14 b), Fig.

6.15 and Fig. 6.16 for the Neo-Hookean, Arruda-Boyce and Mooney-Rivlin models.

It keeps close to 0 for the lower expectations E(w) despite the K(C??;\,[R) and K(/l% .

Its magnitude generally increases together with an increase of a(w) and has different
value for all the parameters. Agreement of the three stochastic methods is the worst
of all the considered characteristics. They lose convergence especially for the highest

E(w) and a(w)>0.05. The MCS returns highly oscillatory results that tend to be
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dispersed around the results of the other two methods. The ISPT keeps close to
the MCS or the SAM for majority of the results, but it starts to diverge at a(w)>0.04

for several kurtoses that are computed for the highest E(w). The best coincidence of
the results is reported for K(/lffj;), which is very high for all the methods, domain

of a(w) and considered E(w) and the worst for K(C‘j‘?;VH), which also has the lowest

magnitude below 0.1.

At this point Hypothesis 1 (a) is proved. The random input variable has an influence on

the effective material parameters and their stochastic characteristics.

6.1.4. Stochastic characteristics for the optimized statistical estimators of w

Stochastic characteristics of the effective material properties ¢, (Cf}g (2;2 (w))) are next

presented for the optimized uncertainty of the input (Egp ‘W).,a? ’(w)) that was

calculated in section 6.1.2.; they are intended for usage directly in definition of the
composite constitutive relation and follow uncertainty of the objective composite from
laboratory experiments. Their recovery comes from their continuous representations
(ISPT, SAM) or dedicated simulation (MCS); it follows the algorithm proposed in Fig.
D.1 Please note, that the optimized characteristics of w slightly differ for the alternative
augmented hyperelastic potentials and thus they are not interchangeable; these
characteristics consider the influence of the interface defects by only; for convenience,
all the graphs presented in section 6.1.3 already account for them. They may be read-out
on a cross-section of brown dotted line and the curve presenting stochastic characteristic

of the selected parameter (given in blue).

These characteristics are next aggregated in Table 6.2 as single values or closed

intervals, depending coincidence of stochastic methods. Expectations of these effective

parameters stay in the same order of 107, despite the E (/lf,% which is very small.

CB5’

Coefficients of variation stay around 0.04—0.05 despite the a(C??{MR)CBS.

Their magnitude is quite close to the one of the input random parameter. Coincidence of
the stochastic methods for these characteristics is almost perfect. It is much lower for
the skewness and kurtosis, but usually the difference is not too high. These higher order
characteristics are nonzero for all the effective parameters. Their magnitude and sign

differs, but all of them are rather distant from the Gaussian type of randomness.
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Their accurate representation would require a more complicated probability density that
also accounts for the higher stochastic characteristics. Please note, that these
characteristics substantially differ for each of the effective property so that they must be

represented by different PDFs. This is also true for accuracy of their estimation.

Table 6.2 Stochastic characteristics of the effective material coefficients.

h teristi
charac e.rls i Arruda-Boyce Neo-Hookean Mooney-Rivlin
/ potential
E(CT) B)CBS E(C %)
E . LMR) cps
Xpectation L 632-107 -t .
e i _ 7
E(2) =279 E(C5m) pg=1-815°10
ff
. a’(Cc MR)CBS
Coefficient a(CjﬁB)CBSZO.O476,
of variation a(Ce 7). =0.0359 =(O 0579,0.0598),
a(c) (%5 s=0:0403 0 o(CFhir) 5=
=(0.113,0.117)
off
B(CeAB)CBS B(C?,?]FWR)CBSE
Skewness €(—0.0714, B(CTNit) s € e( 1.80, — 1.86),
p(ce! —0.0988),
i B(CS)
€(1.14, 9.287) 2MRJ cps
eff _
B(Xis) s —0-371 €(2.32.2.44)
ff
«(C? €
(Cloas CB5 » K(Cg R)CBS
Kurtosis e(1554,2043), | M(ChnlensS €(6.64,8.27)
5 s O s
«(Cie NeT €(~0.0385, ()
cBs© — 0.0442) Mt s
€(—0.0190, 0.00668) €(0.065, 1. 24)

At this point part (4) of the thesis is confirmed. It is possible to determine the
effective material properties of the composite with stochastic interface defects together
with their stochastic characteristics for the selected hyperelastic constitutive models, as
exemplified in section 6.1.1, 6.1.3 and 6.1.4. They may be used for a wide range of

defects volume fraction in the range of [0.09 — 0.95]. This is true at least for the
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selected underlying hyperelastic formulations and the objective composite. Moreover,
magnitude of these characteristics reported by different stochastic methods is very close

to each other.

6.2. Effective deformation energy in composite with interface defects

In this section, deformation energy of the objective composite is taken into
consideration. It consists of three parts. In the first one deterministic results
are presented. In the second, approximation error coming from the techniques applied
is rigorously studied. In the third, stochastic analysis is performed with an input variable
of defects volume fraction. Results of this section have been partially included

in publications [265] and [264].

Deformation energy is calculated in a discrete manner according to procedure described
in section 4.3. It is retrieved from a set of unitary uniaxial elongations of the composite
RVE solved in the FEM system ABAQUS. Details of this analysis are included in

sections 4.1 and 4.2.
6.2.1. Deterministic analysis

Deterministic analysis of deformation energy U s performed with respect to the given
strain level g; for an increasing volume fraction of interface defects w. It represents
only the uniaxial stretch, which follows the underlying constitutive models selected for
description of the effective material response; they are all isotropic. Results of the
discrete FEM simulations are approximated here with use of two alternative methods.
The first one uses a bivariate polynomial and the second one is adjacent to the three
selected potentials, where material coefficients are dependent on w. Effective material
coefficients have already been determined in section 6.1; this method is denoted as the

augmented material model. Bivariate polynomial has a following form:
"BPO P
U:;ﬁ = Pg(e11,w)= Xito Xj-o @enj W"e11’ (6.4)

where n denotes a rank of approximating polynomial, § stands for the three potentials
selected for the deterministic part (see Appendix A) and agj represent polynomial

coefficients. Both rank and coefficients of this polynomial are optimized with use of a

procedure explained in Appendix C. This rank is 10 for Arruda-Boice and Neo-Hokean
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models and 9 for Mooney-Rivlin. Full expansion of the optimized polynomial for the

Arruda-Boyce model is given below

UEBPO= _ 9.97-108-w+3.58-100-w* — 9.22-10%w* — 9.56:10%-w1+2.45-10%w?
+1.35:10°w? — 6.87-10%w7 — 4.21-10°-¢,,+6.28:10"-¢,,2 — 4.22:10"-¢;,>
+4.13:107-g;,* — 3.24:107-g,,5+1.42:10-&,,+1.08-10%w® — 8.19-10°n"
—6.69-10%g,,-w7 — 8.00-10%g, 2w +3.19-10%¢, 3w’ — 1.65-10%¢,,5-w’

+7.14-10%8,,-wO+1.63:107-8,, 2w — 3.69-10%g,;-w'® — 1.27-107g,, 2w

+1.64-10%g, 3w +1.74:10%8, 4w *+4.39-10% g, - w — 1.48:107-g, 2w @)
+9.92:10%8, 3w — 6.95:10%; 4w — 5.30-107&,;-w? — 4.63-10%¢,, 2w’
+4.34-10%¢, 3w — 1.23-107g;, 4w +1.48107-¢,,5-w +2.76:10%&, W
—3.72:10%8, 2w — 7.09-10%&,;-w*+9.73-10% g, 2w +2.29-10%¢, 3w

+8.06-10%¢,;w5 — 3.13-10%g, 4w +2.74-102

Other full expansions are not provided, because the stochastic results are based solely
on the Arruda-Boyce augmented model. Please note, that this response surface is not a
full 10™ order bivariate polynomial, which follows the implementation of selected
optimization solver. Optimal solution is searched among all possible values of

polynomial coefficients and some of them are null.

Formulas applied for the augmented material model are following
U ™=l o) (1) = 3)+CT ()1 = 3) (6:6)
for Mooney-Rivlin materials,

U M=l on)-( = 3) (6.7)
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for the Neo-Hookean potential and

| | | s
(511 _3>+ , 3t " 7 (11 -27)

20 (,aj{{g(w)) 1050 (/lfgg(w))

FAMM_-off + 19 (11 —81)
= : 1= 6.8
48 1450) 7000 (zf{g(w)f W) (68)

51
+ ’ (1} —243)
673750 (255 (0))

for the case of Arruda-Boyce model. Augmentation of all three constitutive models
works in the same way. All material parameters are considered relative to the interface
defects volume fraction. This relation is recovered by optimization process described in
Appendix B. They are next included in formulae of the effective deformation energy
and the effective stress. In such an approach a priori selection of the underlying
hyperelastic constitutive model is totally transparent to the algorithm. The only
difference is the number of effective material parameters whose dependence must be

determined.

These three sets of results for U are presented on Fig. 6.16. The strain energy starts at
zero for a zero strain €;; and it increases exponentially together with an increase of g;;.
It also strictly depends upon the defects volume fraction w and is monotonic; a decrease
of the parameter w always results in a decrease of strain energy U</. The strain energy
equals to U%=3.930-10° Pa for the smallest considered w=0.1 and at the maximum
strain of €;;=0.275; it decreases until approximately U9=2.730-10° Pa for the largest
considered value w=0.9. The three selected potentials return a very similar deformation
energy amount recovered from the FEM experiments with a difference less than 4%.
This validates the computations, because each potential separately fits the laboratory

tests and has been computed independently from the others.

Both, the functional and polynomial approximations of the effective deformation energy
prove to be suitable and enough accurate. Their difference from the discrete FEM
results is not noticeable on Fig. 6.16 and is further verified with error analysis in the

next section.
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Fig. 6.16 Effective deformation energy U w r.t. the volume fraction of defects w for an
increasing uniaxial strain €.

6.2.2. Error of approximations

In this section, a detailed and quantitative result of approximations via the AMM and
BPO is presented. It reports their relative error denoted as E, for an increasing uniaxial
strain €;; and an increasing volume fraction of interface defects w. It has been

calculated according to the following formula

. U5 29 (a1 5,wi) = UL (e11=611 jsw=ws)
Er,i U:;ﬁx): Zgl < ’ Uf,;:‘xact(i“ iaWi) s (69)

where the approximations are denoted by index x and m stands for the number of FEM

simulations throughout the entire domain of (w, g;;).
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This error for the bivariate polynomial is calculated as

|Z?l1(U§jfmw(811 iwi)=Pen(e1 1:811,1,W:W1)>|

E = (6.10)
r,BPO,§ J X Uglexact(gll B Wl)
and the one of the augmented material model as
E - ‘Egl(ugﬁgxact(gn . wi)—(/SAMM(SII,i’Wi))| (6 1 1)
1, AMM,§™ UC emct(sll . W]) . .

151

This errors are set together with a mean relative error of the effective deformation
energies resulting from three selected matrix and interphase formulations that it is

calculated in a following way

U(fexact(s ,W')
ffFEM 11,1-Wi
rFEMl(Ue ) 21 1 <Zg (g, l,i,Wi)>, (6.12)

and denoted as ‘FEM’ on Fig. 6.17 till Fig. 6.20. They all present results for all three
potentials marked by different symbols.

The first two of them, i.e. Fig. 6.17 and Fig. 6.18 are plotted w.r.t. the uniaxial strain g,
and differentiate with colors the results for different volume fractions of interface
defects w. They firstly show, that the relative error of approximations E, is always
below 4% and it decreases almost linearly together with g;;. This means that the more
relevant the composite influence on the overall deformation of the body in macro
(engineering) scale, the more accurate it is. At €;;=0.275 the relative error is below
a 1.5%. where & denotes the different potentials. The error of approximations is close to
the relative error between potentials but never exceeds it. Approximations of the other
potentials almost perfectly coincide with the discrete FEM results and their error is
always below 1%. All the errors E, increase a little together with an increase of w with a
considerable fluctuation, but this increase is always below 0.5% for all levels of &,
and thus a variation of w practically does not impose an additional difference between

the potentials and an error of approximations.
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Fig. 6.17 Relative error of functional Fig. 6.18 Relative error of bivariate

deformation energy polynomial deformation
approximations E, w.r.t. uniaxial energy approximations E,
strain €. w.r.t. uniaxial strain €;;.

The two remaining graphs, i.e. Fig. 6.19 and Fig. 6.20 show the error E, w.r.t. volume
fractions of interface defects w and differentiate with colors the results for different
uniaxial strains €;;. They further depict that virtually all inaccuracies introduced by
approximations are much lower than the relative error between the FEM formulations.
This is especially visible for the augmented material model, shown on Fig. 6.19, for
which this difference is typically an order of magnitude lower; it is typically below
0.005. For the bivariate polynomial approximation this error is still lower than the
relative error of potentials, but for high strains, it is of the same order as FEM.
Interestingly, while the relative error of potentials always increases together with an
increase of w, the error introduced by approximations highly oscillate for different

magnitudes of w.
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Fig. 6.19 Relative error of deformation Fig. 6.20 Relative error of E, coming from

energy coming from the bivariate polynomial
augmented material model E, deformation energy
w.r.t. the volume fraction of approximations ~ w.r.t.  the
defects w. volume fraction of defects w.

Since the relative error is always higher than the error of the augmented material model
and polynomial approximation and thus the highest importance in determination of
the composite strain energy lays in fitting of the matrix response to hyperelastic laws
and their proper choice for the considered composite and deformation type. As already
mentioned, it is not expected for the different potentials to return exactly the same strain
energies even for w=0 simply because their formulation is different, but the closer
results they return, the bigger the confidence that the computations are accurate. This is
especially because they are fitted and run separately. The highest error of approximation
has Mooney-Rivlin potential for both, the augmented material model and

the polynomial approximation.

As it has been documented above, both approximations introduce a much smaller error
of deformation energy than the mean difference between the potentials. Because of this
only one approximation is used for stochastic experiments performed in in section 6.2.3.
For these, the bivariate polynomial representation is selected principally because
the polynomials are much more widely utilized and better verified for the three selected
stochastic methods (see section 2.2). This is also the reason for dropping abbreviations

‘FEM’, ‘AMM’, ‘BPO’ in Figures connected to stochastic experiments.
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At this point Hypothesis 6 (a) is confirmed together with Hypothesis 7 (a), because both
the ‘AMM’ and ‘BPO’ have a very low approximation error that is lower than

the relative difference between the hyperelastic formulations.

6.2.3. Stochastic experiments

The final part of effective deformation energy gl study is computation of its stochastic
characteristics. It is done relative to statistical variability of the input random parameter
w for fluctuating expectation of the volume fraction of interface defects in range of
E(w)€[0.1, 0.3, 0.876], for its increasing coefficient of variation a(w)€(0, 0.25)
and for different levels of the uniaxial strain within &;;€(0, 0.275). The highest
expectation E(w) follows the magnitude optimized for the objective composite to
minimize the repetitions and specify its full characteristics of deformation.
This calculation follows the classical integral definition of the kth central probabilistic

moment, as follows

m (v (W;gn))zz(l]eﬁ (W;gn)_E(Ueﬁ(W;gn)))k p(w)dx (6.13)

Effective strain energy is further expanded with use of random Taylor series so that

eff X
U‘ﬂ(W;gn):Uo’eﬁ 511 +Zl v (W gll)(w WO)I (6.14)

where U%? (w;¢,,) represents mean value of effective energy under consideration that

is calculated for the mean value of the parameter w; odd order terms in this expansion
simply vanish. Basis of the stochastic calculus is a bivariate polynomial shown in eqn
(6.5). This function is up to 10 times differentiable with respect to w, where the 10"
derivative is simply a polynomial with respect to €;; and constant for w. The ISPT of up

to the 10™ order could be applied for it. Expected values, coefficient of variations,

skewness and kurtosis of U? are computed independently by two stochastic methods,
i.e. the 10™ order iterative stochastic perturbation technique (ISPT) and Monte-Carlo
simulation (MCS) computed for 350 000 trials for any discrete point given in the below
figures. The order of the ISPT was dictated by the rank of optimized bivariate
polynomial, which is 10 (see eqn (6.5)). A selection of the number of trials in the MCS

was dictated by a high convergence of results with this coming from the highest number
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of trials allowed by available hardware, i.e. 450 000 trials. The semi-analytical method
was not applied here because of a poor convergence of its results with the other methods
reported for the effective stress. For these analyses Arruda-Boyce potential is selected.
The two other potentials are not taken into consideration because coincidence of their
deterministic results reported in previous section is very high. Dependence of results of
stochastic experiments on the choice of potential is verified in further section (6.3.2)
dedicated for effective stress; their results differ already in the deterministic case.
As stated before, in this part of research abbreviations ‘FEM’, ‘AMM’, ‘BPO’ are
dropped on the graphs. This is because only one of approximation approaches is
selected for further stochastic experiments (it is the BPO). Its rank is applied after

optimization done for the deterministic analysis.
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Fig. 6.21. Expected value of the effective deformation energy E (Uefo

Expected values of the effective deformation energy E (Ueﬁ) are shown in Fig. 6.21.

They always increase together with an increase of &; and together with a decrease of
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expected value of defects volume fraction E (w). Their dependency on the input random
dispersion a(w) is very small, which is typical for the Gaussian input parameters
especially in the elastic case [82]. Extent of decrease of expectations for extreme E (w)
is comparable to the one in the deterministic case presented on Fig. 6.16. The alternative

stochastic methods coincide perfectly.

Bz =087615r7 B E(w)=051sPT [ E(w) =0.11sPT

% % E(w)=0876 MCS % % E(w)=05MCS ¥ % E(w)=0.1MCS
Fig. 6.22 Coefficient of variation of the effective deformation energy a(UefO.

Coefficients of variation a(Ueﬁ) are presented in Fig. 6.22. They are practically
independent of €, but are quite sensitive to changes of expectation and coefficient of
variation of an input random variable E(w), a(w). They increase together with an
increase of a(w) and E(w). This coefficient is nearly 10 times lower for E(w)=0.1 than
for E(w)=0.5 and another 10 times higher for £(w)=0.876. This means that the volume
fraction of defects in the composite plays a crucial role for the mean and expected
values of this energy and also for its dispersion; this dispersion can even be much higher

than the one of w. This is even more astonishing knowing the volume fraction of defects
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(w=0.1 means that v corresponds to approx. 0.005 V by only). Correspondence of the

two probabilistic methods for the first two probabilistic characteristics (E (Ueﬁ),
a(Ueff)) is perfect for the entire analyzed statistical scattering. The ISPT together with

MCS even perfectly coincide for a local strong decrease of (x(Uefg returned for very

low levels of strain and E (w)=0.876 by only.

B cv)=08761sr7 [ EGv)=051sPT [ E(w)=0.11SPT

¥ % E(w)=0876 MCS % % E(w)=05MCS % % E(w)=0.1MCS
Fig. 6.23. Skewness of the effective deformation energy B(Ueﬁ).

Higher order probabilistic characteristics, i.e. skewness B(U‘”f’) (Fig. 6.23) and kurtosis
K(Ueff) (Fig. 6.24) are both increasing their magnitude together with an increase of a(w)
as well as E(w) and generally decreasing in magnitude together with an increase of g;;.
Skewness remains always negative, whereas kurtosis - almost always positive. The level
of the strain is important especially for low strains, for which the magnitudes of
characteristics and their rate of change are the highest. Results of alternative
probabilistic methods are still very good for skewness and conditional for kurtosis.

Some differences are visible only for the highest expectation E(w)=0.876. Skewness
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starts to disagree for a high coefficient of dispersion of the input a(w)>0.18 as well as
for kurtosis with a(w)>0.12. For these domains the MCS already returns a highly
fluctuating result. This may possibly be improved by a substantial increase in the trials
number (at least 2—3 times), but this is not possible on the available hardware. Either
way, a standard deviation of more than 0.15 is rather not observed for polymeric
composites. This is proved for the objective composite by laboratory experiments,

where this dispersion stays around 5—8% despite some initial fluctuation.

o(w)[ -] 611[']

B ) =087615Pr [ E(w)=0515P7 [ E(w)=0.11SPT

% % E(w)=0876 MCS % % E(w)=05MCS % % E(w)=0.1MCS
Fig. 6.24. Kurtosis of the effective deformation energy K(Ueﬂ).

The resulting homogenized deformation energy is definitely not Gaussian because of
anon-zero skewness and kurtosis. Its probability density function (PDF) changes
character together with a variation of the strain level. Characteristics are most sensitive
to strain changes close to zero and are also not unique for E(w). An increase of E(w)
always decreases expectation and increases dispersion as well as magnitudes of higher

order characteristics. In view of the above, stochastic interface defects are not only
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decreasing overall deformation energy of the composite but also increase a band
of possible deformation curves. Moreover, higher order probabilistic characteristics
computed stochastic perturbation technique, even in the iterative mode [132,325],
donot coincide perfectly with the statistical estimators of skewness and kurtosis
computed via the Monte-Carlo scheme. They diverge from each other while increasing
input coefficient of variation of the interphase parameter w especially for kurtosis
computed for E(w)=0.876 and a(w)>0.12; this may be improved by an increase of trials
number in the MCS and order of the ISPT. Beware that the latter also requires an
increase of the rank of the response function. However, sign and character of this
characteristics is still the same, affected are mostly their magnitudes. Regardless of
some discrepancy of the higher order characteristics, the ISPT may be well used
especially for the expectations and coefficients of variation, which match perfectly with
the MCS. It is preferred because of remarkable time savings in computational analysis;
time effort of the ISPT is very close to several solutions of the FEM problem

than hundreds of thousands required for the MCS to become convergent.

It has been documented in this section by numerical experiments that deformation
process of the objective composite is remarkably affected by stochastic interface defects
w. Its effective deformation energy U? is considerably decreased together with
an increase of volume fraction of interface defects for an entire spectrum of strains
verified in this study. Extent of this decrease is up to 40%. Stochastic interface defects
also cause a noticeable dispersion of U up to 40%, increasing together with
an increase of expectation of this defects volume fraction and its statistical dispersion

E(w), a(w). This proves Hypothesis 1 part (b).

6.3. Effective stress in composite with interface defects

This section is dedicated to analysis of an effective stress in particulate composite with
stochastic interface defects. Firstly, it presents the deterministic (section 6.3.1) and
stochastic numerical experiments (section 6.3.2) for an increasing strain level and
an increasing volume fraction of interface defects. Finally, it presents the stochastic
characteristics of the effective stress for the objective composite and confronts it with
the laboratory results (section 6.3.3). These characteristics are returned for
the optimized values of the input uncertain variable of volume fraction of interface

defects that have been determined in section 6.1.2.
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6.3.1. Deterministic results

Effective stress is obtained according to three analytical formulas, separate for each

hyperelastic formulation. They are following:

(w) 1
o = (20@7;4,2( )+ ”;R (x - X) (6.15)
for Mooney-Rivlin theory
eff eff 1
UAB:2C1,AB(W) A— P)
1 2 3
st——— U — 9+ (17 — 27)
2 2004, ) (w) 1050(2%, ) (w) 6.16)
419 '
+ I —38l1)
7000(2%%)" (w)
5519
I —243)
673750(2%)" (w)
for Arruda-Boyce model and
o 1
o=2Chm (= 3). (6.17)

in case of the Neo-Hookean potential.

Effective material coefficients C?{LR, C%,[R, C*?Z B> /1% and c‘]ﬁNH used here are exactly
the same as the ones in functional formulation of the effective deformation energy U .

They were determined in section 6.1.

Similarly to the U, effective stress is also approximated with use of a bivariate

polynomial so that

eff,Approx
aiﬁp °p =Pé(811,W)=ZZng,ij WeEq) (6.18)

=0 =0

where vgj; represent polynomial coefficients and m an order of polynomial. They are

both optimized independent from the ones recovered for U but using the same

procedure as the effective deformation energy presented in Appendix C. The difference
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here is that the augmented material model presented in eqns (6.15) till (6.17) strictly
results from analytical calculus (with an addition of parameter dependency on w) and is
not anymore an approximation of discrete FEM results. Because of this fact, the below
graphs only contain ‘BPO’ and ‘AMM’ results and not the ‘FEM’. The rank of this
polynomials is optimized independently for all three potentials. They are of the 8" order
for Arruda-Boice and Mooney-Rivlin and the 6™ order for the Neo-Hokean potential.
A full expansion for the Mooney-Rivlin model is following (for brevity approximated

here to three digits precision from original 12)
o0 [Pa]=2.59-10%w — 6.92:10° w*+1.99-10%w?
~3.22:107w? — 2.71-10% - wS+1.04-10%w7+1.12:10% g, ;WS — 1.12:107-¢,,5w”
+1.49-107g;, 4w +5.25:105%6,,-w® — 5.31-1078, 2w — 4.96:105g,3w"
+4.01-10%¢, 4 w*+1.29-10%¢,; — 2.07-107-&,,2+6.2810"-¢;,> — 6.49:10"-¢,,*
+5.49-107-¢,,5 — 2.76:107-¢,,% — 1.65:10° w®+1.41-10°-w> — 1.39:10%¢;,;-w’
(6.19)
+9.33:107 g1 2w’ — 9.41-107-g,3-w” — 238107, w+1.41-10" ¢, 2w
—1.73:10"¢; 3 w+1.16:107 g, *w — 7.48:10-&;;'w? — 0.09-107-&; 2 n?
+2.63:10%¢,3w?+2.98:10 ¢, *w? — 6.31:10% &, 5w +2.71-10%-¢,,-w?
+8.89:-107-¢,,2w* — 4.83-10%¢;;'w* — 8.78:107 ¢, 2w* — 2.94-10%¢,,3-w*

—7.74-10*

Similarly to the effective strain energy, this optimized polynomial is not a full bivariate
polynomial of the 8" order, but it is 8 times differentiable with respect to w.

The remaining expansions were skipped for the brevity of the results.

The effective stress 0¥/ is presented in Fig. 6.25. It is plotted in addition to the uniaxial
strain €;; and relative to the volume fraction of interface defects w for three selected
hyperelastic potentials. This figure firstly shows that the stress at 0%/(g,,=0)=0 and it
increases up to values close to expectations coming from laboratory tests reported in
Fig. 5.6 for the virgin homogeneous material and the objective composite.
Two potentials, i.e. the Arruda-Boyce and Neo-Hookean produce a very similar result

with a relative difference less than 1.6% that decreases for decreasing w. The Mooney-
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Rivlin potential reports considerably higher magnitude of stresses especially for high
levels of strain (up to +30% for €;;—0.275). This relative difference decreases together
with a decrease of g; and also deceases together with an increase of w; it originates
from different formulation of potentials and approximations used to retrieve the stress in
alternative constitutive models and thus it is not entirely surprising. Mooney-Rivlin is
based on the first two invariants, while the remaining constitutive models only on the
first one. Interestingly, interface defects have so high influence on the stresses of the
composite that its strengthening with respect to the virgin homogeneous material

vanishes already for medium volume fraction of defects.

o6 BPOAM © 60 BPOMR © O BPONH
xx AMMAB s AMM MR 3 AMM NH

Fig. 6.25 Effective stress of the RVE ¢/ w.r.t. the volume fraction of defects w for an
increasing uniaxial strain g;.

At €1,=0.275 for the smallest volume fraction of defects considered w=0.05 it reaches
(ojg/o%:l.l%, a]e\{{i/a%f,:l.ln, a%/aﬁRZIA%); for w>0.27 the composite is already

softer than the virgin homogeneous material approximation o7 (apart from the Mooney-
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Rivlin for which it is softer than ¢ for w>0.67). Reduction of the stresses at €,;=0.275
for the highest considered w=0.9 reaches following values 0%(811=0.275)=18.52 MPa,

O'ig{(811=0.275)=17.51 MPa and 0’%(811=0.275)=23.25 MPa. This weakening is also

observed in laboratory experiments; it is plotted on Fig. 5.6.
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Fig. 6.26 Close-up of the effective stress of the RVE ¢¥/ w.r.t. the volume fraction of
defects w for an increasing uniaxial strain g;;.

A closer look of the stresses recovered from numerical experiments at high strain rates
in the range of g;;€(0.23,0.27) is provided in Fig. 6.26. It firstly shows that the
bivariate polynomial approximations of stresses (BPO) perfectly coincides with the
augmented material model (AMM) for entire considered spectrum of w and g;;. It is
important because the BPO is used in further considerations including stochastic
experiments. A detailed approximation error consideration is skipped for brevity of the
results. It is not higher than the one of the effective deformation energy, whose error

was considered in detail in section 6.2.2.

This figure is included here also to better visualize a quite substantial difference of the

results recovered by the Mooney-Rivlin approach with respect to the other ones, whose
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origin has been previously underlined. Results coming from this approach are preserved
in stochastic experiments specifically to exemplify that they will depend on the selected
underlying potential even when their fits to the lab tests and strain energy is practically
the same and with maximally 4% mean difference for entire considered region of
(w, €;1). Because of this, one shall not limit himself to just one formulation but instead

compare several of them and formulate conclusions on the basis of their contrast.

A further discussion of coincidence of the results coming from laboratory tests
and numerical experiments is included in section 6.3.3. The stress coming from
laboratory experiments of the objective composite lays within the application region
of the augmented material model. The recovered volume fraction of interface defects

is presented in section 6.1.2. This proves Hypothesis 7 (b).
6.3.2. Stochastic analysis

A statistical disorder of the composite effective stress o</ is next determined relative to
random variability in the volume fraction of interface defects w. It is done on the basis
of optimized bivariate polynomial representation of these stress (presented in eqn
(6.19)) with use of three independent stochastic methods, i.e. the generalized iterative
stochastic perturbation of order 6 or 8, the Monte-Carlo simulation with 150.000 trials
and the semi-analytical method; the 8" order ISPT was used for Arruda-Boice and
Mooney-Rivlin, while the 6™ order for the Neo-Hokean potential. This was dictated by
rank of the optimized bivariate response function. Stochastic characteristics are
recovered in a joint domain of strain g;;€(0.23, 0.27) and coefficient of variation of this
random parameter a(w)€(0, 0.25) for its three expected values E(w)€[0.1, 0.3, 0.5].
They could not be simply reduced to a single variable functions, because the statistics of
the o</ are not unique in the entire strain region (see Fig. 5.7) as it is for the linear
reversible composites and materials, which are simply governed by the stiffness tensor

having constant components [65].
Probabilistic considerations are mainly focused on four following aspects:

1. importance of variation and expectation of volume fraction of interface defects
a(w), E(w) is analyzed for the resulting stochastic characteristics of the
effective stress o/

2. influence of strain on these characteristics is determined; it is verified if it could

be omitted from stochastic calculations
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3. coincidence of the three selected probabilistic methods on these characteristics is
checked (ISPT, MCS, SAM); this is done to validate the stochastic calculations

4. importance of a choice of hyperelastic potential is studied on the basis of the
three selected potentials (best representing the matrix and interphase response,

see Appendix A).

This section includes results of the first four stochastic characteristics of the effective

stress of the defective composite, i.e. its expected value E(o’gf]), coefficient of variation

a(o’eﬁ), skewness B(o‘?ﬁ) and kurtosis K(o‘?@. Each of these coefficients are visualized
on two three-dimensional graphs. The first one three different expected values of input
volume fraction of defects E(w)€(0.1, 0.3, 0.5) are set together, while in the second
one results coming from three selected probabilistic results are presented. Such a choice
proved to be much more readable than rendering all the above information on a single
graph. Legends in these graphs are always plotted with three sets of colors, i.e. reds
represent the results for Mooney-Rivlin potential (MR), greens represent the results for
Neo-Hookean potential (NH) and blues represent the results coming from Arruda-Boyce
potential (AB). The color intensity indicates two alternative things. In the first set of
graphs for each stochastic characteristic, i.e. Fig. 6.27, Fig. 6.29, Fig. 6.31 and Fig. 6.33
it differentiates the expected values of input volume fraction of voids
E(w)=0.1, Ew)=0.3 and E(w)=0.5. In these graphs the results were limited to the
Mooney-Rivlin and Arruda-Boyce potentials and computed solely for the ISFEM. This
was done because the Arruda-Boyce and Neo-Hookean returned very close results to
each other and the ISPT is solution method preferred in this thesis. This is because the
computational effort in semi-analytical considerations and perturbation-based
approaches (2" and 4™ order) are negligible when compared with this corresponding to
the Monte-Carlo simulation (MCS) and the SFEM does not have a limitation of
differentiability of the response function. In the second set of graphs, i.e. Fig. 6.28, Fig.
6.30, Fig. 6.32, Fig. 6.34 color intensity differentiates three stochastic methods used i.e.
the stochastic finite element method (SFEM), the Monte-Carlo simulation (MCS) and
the semi-analytical method (SAM); these graphs are plotted for £(w)=0.5. The ISPT
and SAM produce continuous results in the entire domain of a(w) and &, while the
MCS — discrete points evenly distributed through this domain; this is a trait of the MCS;
therefore the MCS is plotted as points and the ISPT and SAM with a surface.

Description of these graphs is provided in a following way: first each characteristic is
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described separately, focusing on its dependency on a(w), E(w) and g;;, coincidence of
probabilistic methods and of hyperelastic potentials and then a holistic discussion of all
the characteristics is provided; it is especially focused on the coincidence of the results
coming from different hyperelastic potentials, variation of strain and influence of the

stochastic variation of defects.

Bl v)=0148 E(w) =03 4B E(w)=0.5A4B
B2 =01MR E(w)=03MR E(w)=0.5 MR
Fig. 6.27 Expected value of the effective stress of the RVE E (oﬁﬂ) w.r.t. the coefficient
of variation of the volume fraction of defects a(w) for an increasing uniaxial
strain €;; and expected value of the interface defects E(w).
Expected values of the effective stress £ (aeff) are included on Fig. 6.27 and Fig. 6.28.
They always start from zero and increase together with an increase of strain for all the
levels of input dispersion a(w), irrespective of the expected values of interface defects
volume fraction, for all probabilistic methods and hyperelastic potentials. Their level of
increase in magnitude reaches E(o‘eﬁ ,811:0.275) € (24.2,34.8) MPa and depends

mostly on the potential applied and on E(w). It is not too much dependent on a(w).
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Fig. 6.28 Expected value of the effective stress of the RVE E(O’eﬁ) w.r.t. the coefficient
of variation of the volume fraction of defects a(w) for an increasing uniaxial
strain €;; and different hyperelastic potentials.

An increase of expectation of volume fraction of interface defects (defects intensity)

obviously always decreases the magnitude of £ (0@7) (see color intensities on Fig. 6.27);

this observation is also consistent with a dependency of ¢/ on w reported on Fig. 6.25

included in deterministic considerations of %/, This decrease is higher for the Mooney-

Rivlin potential than for the Arruda-Boyce (8.7 MPa vs 5.4 MPa) and it is higher from

E(w)=0.3 to E(w)=0.5 than from E(w)=0.1 to E(w)=0.3. Similarly to the deterministic

case, coincidence of the results coming from Arruda-Boyce and Neo-Hookean

potentials is very high; they are within 1% of each other even for &;,=0.275. The

Mooney-Rivlin returns results always higher than the remaining potentials. This

difference goes up to 26%, it decreases together with a decrease of €;; and an increase

of E(w).
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Next, correspondence of results coming from three selected stochastic methods
is considered; it is distinguished with color intensities on Fig. 6.28. The methods agree
very well independently from the level of a(w). The expected values of effective stress
are not too much dependent on the input dispersion of interface defects a.(w), variation
of E(aeﬁ) does not exceed 2% for its selected variation. Expectations coming from
Arruda-Boyce potential agrees with the Arruda-Boyce so well, that their curves match

perfectly on the graph and a blue plane is covered by green.

B ) =014B E(w) =03 4B E(w)=0.5A4B

B 2(v)=0.1MR E(w)=03MR E(w)=0.5MR

Fig. 6.29 Coefficient of wvariation of the effective stress of the RVE a(aeﬁ)

w.r.t. the coefficient of variation of the volume fraction of defects a(w) for
an increasing uniaxial strain €; and expected value of the interface defects

E(w).
The coefficient of variation of the effective stress a(cref’) is reported on Fig. 6.29 and
Fig. 6.30 with relation to £;; and a(w). Following the probability theory, it always starts
from zero for a(w)=0; it increases almost linearly together with its increase but is

always smaller than a(w). Its magnitude strictly depends on the expected value of
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volume fraction of interface defects E(w) - it always increases together with an increase
of E(w), up to seven times for the extreme cases. A variation of strain have only a
marginal influence on the magnitude of (x(cref/) — much below 1%. A correspondence of
the selected hyperelastic potentials is almost perfect for £(w)>0.3, for which they return
results differing less than 1%. This is entirely different for E(w)=0.1, where the MR
returns up to 30% lower results (see Fig. 6.30), but the two other methods still remain

convergent.
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Fig. 6.30 Coefficient of variation of the effective stress of the RVE (x(creﬁ)
w.r.t. the coefficient of variation of the volume fraction of defects a(w) for
an increasing uniaxial strain €;; and different hyperelastic potentials.

The results of a(aeﬁ) for the three selected stochastic methods are reported on Fig. 6.30.

Similarly to the expected values, their correspondence is very high. Difference does not

exceed 3% but it increases together with an increase of a(w) and persists for all E(w).
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This holds also for all other expected values of E(w), which are not presented on this
graph. Coefficient of variation of the effective stress increases together with an increase
of E(w), its maximum values reported by the ISFEM are following: for E(w)=0.1
a(64)=0.0096, for E(w)=0.3 a(c%)=0.0205 and for E(w)=0.05 — a(c%)=0.54
(see Fig. 6.30). The difference between the hyperelastic potentials is a little bigger. It is
especially high for small expectations of the input E(w) and decreases together with
their increase. Relation of a(aeﬁ) to a(w) is close to linear irrespective of the

expectation of E(w).

B 2(v)=014B E(w)=03A4B E(w)=05A4B
B c(v)=01MR E(w) =03 MR E(w)=0.5MR
Fig. 6.31 Skewness of the effective stress of the RVE B(aef/) w.r.t. the coefficient

of variation of the volume fraction of defects a(w) for an increasing uniaxial
strain €;; and expected value of the interface defects E(w).

The skewness of the effective stress B(aefo is presented on Fig. 6.31 and Fig. 6.32 with

relation to &;; and a(w). It generally increases in magnitude together with an increase of

a(w) and it decreases together with an increase of E(w). It is contained in the range of

B(a‘?fOE(—ZA, 1.1) and is practically independent from g;;. Magnitude of skewness
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B(c?) is always 0 for a(w)=0 and its monotonicity strictly depends on E(w). It is
predominantly negative for expected values above E(w)=0.1 and positive otherwise.
The three potentials return quite convergent results with an exception to E(w)=0.1
shown on Fig. 6.31, where the difference between Mooney-Rivlin (MR) and Arruda-

Boyce is substantial. They even report an opposite sign for a limited range of a(w).

B 5 54M ABISPT ABMCS
B MR sam MR ISPT MR MCS
B Vesav B NHISPT NH MCS

Fig. 6.32 Skewness of the effective stress of the RVE B(oeﬁ) w.r.t. the coefficient
of variation of the volume fraction of defects a(w) for an increasing uniaxial

strain €;; and different hyperelastic potentials.
Coincidence of the results of B(a‘ffo coming from different stochastic methods is not

perfect (see Fig. 6.32). The semi-analytical method especially diverges and returns
higher magnitudes than the ISPT and the MCS. The ISPT and the MCS are much closer
to each other but still their results differ up to 28%.

Kurtosis of the effective stress K(o‘”fo is presented on Fig. 6.33 and Fig. 6.34. It is

predominantly positive and increases magnitude together with an increase of a(w). It is
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negative only for £(w)=0.3 returned by the SAM and is practically independent from
€11. The highest magnitude is observed for E(w)=0.5 and it decreases together with
a decrease of E(w). The generalized iterative stochastic perturbation method and
the Monte-Carlo simulation produce a similar K(O‘eﬁj in entire spectrum of a(w) and g;;;
the semi-analytical method return much higher results, which start to diverge from

the other ones for a(w)>0.07 (see Fig. 6.33).
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Fig. 6.33 Kurtosis of the effective stress of the RVE K(O‘eﬁ) w.r.t. the coefficient
of variation of the volume fraction of defects a(w) for an increasing uniaxial
strain €;; and expected value of the interface defects E(w).

138



Damian Sokolowski

=] T T

T

0.05 s st
0.10 RS gy 0.10
0.15 419 [0155 030 %15
o(w)[-] eH[-]
B B 54M ABISPT ABMCS
B MR sam MR ISPT MR MCS
B vuasave B NHISPT NH MCS

Fig. 6.34 Kurtosis of the effective stress of the RVE K(oﬂﬁ ) w.r.t. the coefficient
of variation of the volume fraction of defects a(w) for an increasing uniaxial
strain €1, and different hyperelastic potentials.

Summarizing, expected value of volume fraction of interface defects E(w) has a very
similar influence on stochastic characteristics of o%/ for all three hyperelastic potentials.
Its increase always decreases the expectations of ¢/, increases the coefficient of
variation, and increases magnitude of both, the skewness and kurtosis (the only
exception for this rule is Arruda-Boyce potential and E(w)=0.1). According to the
above observation, the interface defects not only decrease the effective stress but also
increase its dispersion and higher stochastic characteristics. This also means that a PDF
of the effective stress under uncertain volume fraction of interface defects is distant
from Gaussian. At this point Hypothesis 1 part (c) is proved. Finally, the stochastic
characteristics of both, the effective deformation energy and also the effective stress

depend on the strain level, which confirms Hypothesis 5 (b).
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6.3.3. Stochastic characteristics for optimum statistical estimators of w and its

verification with laboratory results

The main goal of this section is (1) verification of performance of the proposed
algorithm for numerical determination of stochastic interface defects characteristics and
also (2) a check if the proposed augmentation of selected hyperelastic potentials is able
to adequately represent a response of the composite with stochastic interface defects.
For this purpose two sets of graphs are introduced. They both include the first four
stochastic characteristics of the effective stress calculated for optimized values of E(w)
and a(w); they have been determined in section 6.1.2. These relations are presented
w.r.t. the level of the strain in the same range as the other experiments €;,€(0.0, 0.275).
These relations are accompanied by the expected value and coefficient of random
dispersion of this stress coming from laboratory experiments for a virgin homogeneous
material and for a defective composite (objective composite); such collation allows a
visual verification of the proposed constitutive models. Calculations are based on the
same response functions as the preceding section (6.3.2). Order of the ISPT and
integration used in the SAM are also follows it. The difference comes in the MCS,
which has 450 000 trials. This is allowed because of a much smaller number of data
points required to recover from this discrete method than in the previous section, where
it was probed also for variable a.(w); it is calculated only for the optimized Egp ‘(w) and

agp ‘(w). Two dimensional graphs are preferred, because they visualize much better

magnitudes of the effective stress; a secondary axis for a(w) is not required anymore.
The first set of graphs, i.e. Fig. 6.35, Fig. 6.37, Fig. 6.39 and Fig. 6.41 provides results
for three different stochastic methods calculated for the Arruda-Boyce hyperelastic
constitutive model. The second set of graphs i.e. Fig. 6.36, Fig. 6.38, Fig. 6.40 and Fig.
6.42 is aimed to confront the results of two hyperelastic potentials, Arruda-Boyce and
Neo-Hookean. The Mooney-Rivlin model was not included here, because the optimized
expectation of the input variable is very close to its physical limit and this constitutive
model returned much different results of the effective stress than the remaining two
constitutive models. The above mentioned graphs present the laboratory results always
with green diagonals that are labeled with ‘EXP’. The first set of graphs distinguish
different stochastic models with symbols and the second one uses them for
differentiation of the hyperelastic constitutive models; results for optimized

characteristics of the input random variable are labeled with ‘OPT’.
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Expectation of the effective stress for different stochastic methods is presented in Fig.
6.35. They all perfectly agree with each other and provide quite an accurate
representation of stress expectation returned by the laboratory experiments (labeled as
EXP CB5%). Additional curves are also presented for the extreme expectations of input
random parameter, i.e. E(w)=0.95 and E(w)=0 to provide an envelope of responses
possible to represent by the proposed augmentation of constitutive models.
Not surprisingly, the expectation of stress for the composite without interface defects
(returned for E(w)=0) allows a high strengthening of the virgin homogenous material.
This theoretical limit is not reproduced by the experiment due to the interface defects. In
fact, the composite with the CB filler is softer than the virgin homogeneous material;
the proposed augmentation works for both cases. The lower limit of £(w)=0.95 that is
considered here (physical limit of w is 1) given in brown allows even a higher than
softening of this composite response than observed in reality for the objective
composite. Please note, that this selected limit better approximates the laboratory result
for the highest strain level, but overall it is more distant from this result than the ‘OPT’

solution.
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)SAM OPT ISPT E(w)=0 ISPT NH OPT FISPT AB OPT
- o & _ ISPT E(w)=0 NH ISPT E(w)=0 AB

SAMEW)=0 -XISPT E(w)=0.95 DISPT E(w)=0.95 NH -+ ISPT E(w)=0.95 AB
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Fig. 6.35 Expected value of the effective Fig. 6.36 Expected value of the effective

stress E(aeﬁ) w.r.t. uniaxial stress E(fﬁ) w.r.t. uniaxial
strain €;;, optimized values of strain €1y, optimized values of
E(w) and o(w) and three E(w) and a(w) and two
stochastic techniques. material formulations.
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An effect of the underlying hyperelastic potential on expectations of the effective stress
E(off/) is presented on Fig. 6.36; it is also considered w.r.t. an increasing level of strain
€11- Selected potentials return exactly the same expectation for the optimized solution of

Egp ‘(w) and oc:ip ‘(w) (given in black on the graph) irrespective to the given level of
strain. This is also well justified by the closeness of the optimized values of Egp ‘(w) and
agp t(w) for these two constitutive models reported in section 6.1.2. A slight difference

of results between these constitutive models exists for £(w)=0.95 and E(w)=0 but it is
only marginal. It means that these two potentials return slightly different result for a

very high expectation of interface defects volume fraction.

This graph (Fig. 6.36) also presents an approximation of the virgin homogeneous
material response with the two hyperelastic potentials with no defects given in brown
and labeled with ‘APP’. Similarly to the experimental part, it is always higher than the
one for the defective composite, but still lower than the theoretical limit of polymer
strengthening with CB particles. The coefficient of random dispersion of the input
random variable a(w) has a very small impact on expectations of the effective stress

and thus it is omitted here.

A perfect match of the proposed hyperelastic constitutive models and the experiments is
not fully assured. They would require an additional factor accounting for the local
softening that exponentially comes to zero outside the softening region. Such an
approach would reduce its influence on response of this composite for strain levels
unaffected by the softening. It is not proposed here because it has nothing in common
with hyperelasticity and has a very limited effect on the response of this polymer for
higher strain rates (see Fig. A.1). Its addition is intended in future research. Please note
that the initial softening was not perfectly represented already for the virgin
homogeneous material (dark green diamond on Fig. 6.36) and it is not possible to be

replicated by any hyperelastic constitutive model known to the author.

At this point part (2) of the thesis is confirmed. The proposed augmented material
model could be applied with success to the real case scenario basing on the selected
hyperelastic formulations. It is applied with success to the objective HDPU based

composite. This also confirms Hypothesis 2.
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Fig. 6.37 Coefficient of variation of the Fig. 6.38 Coefficient of variation of the

effective stress a(aeff) W.I.L. effective stress a(aeff) W.I.L.
uniaxial strain &;;, optimized uniaxial strain g&;, optimized
values of E(w) and o(w) and values of E(w) and a(w) and
three stochastic techniques. two material formulations.

The coefficients of random dispersion of the effective stress a(o’gﬁ) are presented on

Fig. 6.37 and Fig. 6.38. They firstly show that the difference in the coefficients of

. . . . . lab
random dispersion considered in laboratory experiments ((x (O'CB 5%) (&11) —

( Ocp 0o /) (811)) labeled as (EXP CB5%—CB0%) is very well captured by the

proposed augmented constitutive model. This is especially true for the higher levels of
the applied strain, where this difference stabilizes. Some fluctuation for low strains is
not captured by this constitutive model, but it is most likely caused by the local
softening mentioned above. The three stochastic methods return almost perfectly
coinciding results. Only the SAM overestimates this coefficient a little for small strain

levels; difference does not exceed 5% and vanishes with an increase of g;;.
The two alternative hyperelastic constitutive models both return a very close estimation
of aOP ‘(w), which are o t(w) 0.045903 and oy, ! 1 (w)=0.04541. Coefficient of random

dispersion of the effective stress a(aefo returned by them for these optimized values is
very close. It only differs for small levels of strain; above &,,=0.07 this difference is less

than 5% and above €,,=0.13 it is already marginal. Coincidence of the results returned
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by the two augmented constitutive models is even better for smaller a(w)=0.01, for
which they perfectly coincide. It gets much worse for a(w)=0.1, where it is already
more than twofold. Generally, the higher is the input coefficient of variation the higher

is the difference between the results coming from different potentials.
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Fig. 6.39 Skewness of the effective stress Fig. 6.40 Skewness of the effective stress

B(aef/) w.r.t. uniaxial strain g;y, B(oﬁﬁ) w.r.t. uniaxial strain g,
optimized values of E(w) and optimized values of E(w) and
a(w) and two  material a(w) and two  material
formulations. formulations.

Skewness of the effective stress B(aeﬁ) for the optimized characteristics of w is
presented on Fig. 6.39 and Fig. 6.40. It is negative and always increases with
an increase of strain g;; to an apparent maximum of approx. —0.6. Again, coincidence
of the ISPT and the MCS is good and the SAM returns different results; the MCS
returns a little lower magnitude than the ISPT and shows a little bit of fluctuation.
This may suggest that number of trials required by this method to obtain a full
convergence may still be higher than the one proposed. This skewness returned by the
Neo-Hookean augmented constitutive model is always smaller than the one for the
Arruda-Boyce (see Fig. 6.40) and independent from the level of the strain g;;. It is not
the case of the Arruda-Boyce, which increases in magnitude together with a decrease of

€11. Both, an increase of input expectation E(w) and coefficient of random dispersion

a(w) always cause an increase of skewness of the effective stress B(aeﬁ);

144



Damian Sokolowski

the expectation seem to be more relevant, because it causes a bigger variation of this

characteristic.

Kurtosis of the effective stress K(O‘eﬁ) is presented on Fig. 6.41 and Fig. 6.42 for
the optimized statistical estimators of w. It is always positive and decreasing together
with an increase of strain. This decrease is evident for the Arruda-Boyce and very
limited for the Neo-Hookean augmented constitutive model. The Monte-Carlo
simulation returns a little higher result than the generalized iterative stochastic
perturbation method and the semi-analytical method returns a totally different result
than the other methods. The MCS has still a little noise (not a full convergence) despite
a very high number of trials used. This may be caused by a very extended representative
function that is sensitive to changes in strain levels. Similarly to the skewness,
the Arruda-Boyce has a higher magnitude of kurtosis than the Neo-Hookean augmented

constitutive model that is much more sensitive to variations of strain close to 0.
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Fig. 6.41 Kurtosis of the effective stress Fig. 6.42 Kurtosis of the effective stress
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and a(w) and two material
formulations.

values of E(w) and a(w) and three
stochastic techniques.
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7. Concluding remarks and future prospects

7.1. Concluding remarks

[1] This dissertation reports a successful implementation of the interphase constitutive
model in determination of the effective material properties, effective deformation
energy and effective stress in hyperelastic particulate composites with stochastic
interface defects. It also provides a theoretical formulation of the probabilistic
homogenization for these materials (completion of Obj. 2) and implements it with use
of computational algorithms. Applicability of the proposed approach is confirmed
for the objective composite manufactured with Laripur 5020 high density polyurethane
(HDPU) and F60 fullerene reinforcement. This is done with a joint usage of laboratory
experiments performed by the author and a computational framework proposed in this
dissertation. This work also provides an extensive analysis of dependence of these state
functions on the volume fraction of interface defects, level of the applied strain
and an underlying hyperelastic potential. It is additionally proved here that a joint usage
of the generalized iterative stochastic perturbation technique (ISPT) and the finite
element method allows reliable determination of the first four probabilistic
characteristics of the above three state functions in the hyperelastic particle-reinforced

composites with uncertain interface defects.

[2] In this dissertation a concept of the augmented hyperelastic constitutive model
is introduced. This augmentation applies directly to all the material parameters of the
arbitrary isotropic hyperelastic constitutive model. It introduces a single variable of the
volume fraction of interface defects. This Gaussian variable describes an influence
of the stochastic interface defects on the objective composite. Specifically, all
the material parameters are considered as certain univariate polynomial functions of this
input variable; other functions could be applied also. The proposed augmentation allows
for prediction of the effective properties, effective deformations and effective stress
in this defective composite that have an arbitrary volume of the interface defects (or,
upon additional computations, their number and radius). Upon additional laboratory
experiments, this concept also allows for determination of statistical estimators of this
variable for a real composite and determination of its effective material properties
together with their statistical estimators (expected value, coefficient of variation,

skewness, kurtosis). This reverse approach is validated with success for the objective
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composite under uniaxial stretch. The augmented material model is applicable for
a wide range of composites ranging from these, whose stiffness is still higher than
the one of the virgin homogeneous material (weakly defective composites) till
composites, for which defects weaken the material more than the filler stiffens
the matrix (highly defective composites). It also allows to verify the theoretical upper
bound of stiffening when the bond between the matrix and the filler is perfect for
E(w)=0.0 and the lower bound, when the filler is not bond at all to the matrix (friction
is not accounted for). In this case E(w)=1. Importantly, the augmented material model
may be applied for an arbitrary underlying hyperelastic constitutive model with variable
number of material parameters and invariants incorporated in it. The only difference
in the underlying algorithm is the number of the effective material parameters to use
and complexity of computations (the more invariants and material properties, the more
involving are computations). Such parameters are not possible to retrieve with purely
analytical, numerical or experimental way. The available research in this area is purely
theoretical / numerical and this dissertation is a first known to the author application
of such theoretical considerations in practice. Even more importantly, it is done with

a success (completion of Obj. 17).

The augmented material model works very well for the effective deformation energy
of the objective composite under uncertain stretch, for which relative error is at most
5% (usually below a single percent); it is much smaller than the difference of this
energy received for the three selected hyperelastic constitutive models. This
augmentation works well also for prediction of the effective stress in this composite.
Recovered state functions lay inside the applicability region of the proposed
probabilistic homogenization. Statistical estimators of the input uncertain variable are
close for the three selected hyperelastic constitutive models (completion of Obj. 18).
The augmented material concept should be applied to a specific constitutive model,
because it seems a little sensitive to the number of invariants included therein. This
effect should be reduced upon application of more types of stretches in laboratory
experiments. These would allow a better approximation of the initial material
parameters in these constitutive models to the virgin homogeneous material that results

in closer magnitudes of the effective stress.

[3] Proposed probabilistic homogenization algorithm enables determination of

the above mentioned three state functions together with their first four stochastic
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characteristics under uncertain volume fraction of Gaussian interface defects and for
a variable level of the applied strain. It also allows determination of statistical
estimators of the random input variable, which are the expected value
and the coefficient of random dispersion; their resulting magnitudes reported for
the objective composite lay inside the applicability region of the proposed probabilistic
homogenization theory; this is valid for all the three selected underlying hyperelastic
constitutive models. The proposed algorithm could also be used for other isotropic
hyperelastic constitutive models independently of their initial assumptions and number
of the effective material parameters (completion of Obj. 3). Magnitudes and stochastic
characteristics of the effective material parameters vary for each of the constitutive
models. Therefore, the computed results are valid only for the underlying constitutive
model. This applies also for the effective stress. The results tend to be dependent on the
invariants included in the underlying constitutive model and not so much on the number
of material parameters. Proposed algorithm may be extended for the most general
anisotropic case with an arbitrary predefined random dispersion of input uncertain
variable. This would require higher amount of independent laboratory tests with ample
number of trials. Additional laboratory experiments are, for example, pure shear, simple

shear or biaxial stretch tests.

[4] The secondary algorithm proposed here allows determination of stochastic
characteristics of the interface defect volume fraction in composites with stochastic
interface defects. It could be applied for an arbitrary underlying hyperelastic isotropic
material (completion of Obj. 4). Its efficiency was proved on the basis of the three
selected underlying hyperelastic constitutive models. This algorithm is quite accurate
already in its first iteration (7% relative error) and the stop criteria are met usually
on the 6™ till 8" iteration, depending on the underlying hyperelastic constitutive model;
this observation is based on analyses done for the objective composite. Application of
this algorithm is currently limited for the Gaussian input uncertain variable, but its
extension to other probability distributions is also possible. This would require inclusion
of additional steps that optimize higher stochastic characteristics of the effective stress
and also a larger number of specimens in laboratory experiments. This is because
the higher stochastic characteristics are much more sensitive to the number

of specimens than the lower ones.
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[5] Statistical estimators of the input uncertain variable (volume fraction of interface
defects) computed for the objective composite are very close for the two selected
underlying constitutive models, i.e. Arruda-Boyce and Neo-Hookean and differ slightly
for the Mooney-Rivlin; for this model expectation is higher and the coefficient
of variation — lower. The major reason for this is the fact that determination
of estimators is based on the stochastic characteristics of the effective stress, which is
higher for the Mooney-Rivlin (completion of objective Obj. 10). The expected values
are relatively close to the theoretical limits. They vary from 0.87 till 0.97 of
the interface volume. This is mainly because of the high reduction of stiffness in
the objective composite in relation to the virgin homogeneous material. The coefficients
of random dispersion are relatively low. They are smaller than 0.05 and very close
to the ones of the effective stress in the objective composite; this is especially true
for strains above 0.1. Variation of the input random variable for the Mooney-Rivlin
exceeds a little the physical limit; for this underlying constitutive model a slightly

bigger interphase volume should be proposed.

[6] Laboratory experiments included single and cyclic uniaxial stretch of the virgin
homogeneous material (Laripur 5020) and the objective composite (completion of Ob;.
5). They have been performed because of lack of laboratory data for this specific
material and strain range; this is true especially when any variation or stochastic
characteristics of its response is required for a realistic selection of computational input
parameters. They were initially thought for the purpose of calibration and verification of
the proposed algorithms, but brought valuable insights even without the numerical
application. They firstly proved that the objective composite sustains smaller stress and
is softer than the virgin homogeneous material. This is true for the first loading curve
and the subsequent loadings also. The extent of relaxation after the first loading is much
closer for both materials, but it is also smaller for the objective composite. The expected
values of stress under uniaxial stretch are from 1.1 till 1.4 times higher for the virgin
homogeneous material. This ratio increases slowly together with an increase of strain
and it shows a small fluctuation for strains under 0.05. The standard deviation in the
cyclic stretch is a little increasing together with an increase of strain level and it goes up
to 1.4 MPa; it is higher for the objective composite. Coefficients of variation of stress in
single stretch decrease together with an increase of strains; they stabilize for strains

higher than 0.175. The ones computed for the virgin homogeneous material are
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definitely smaller than the ones of the objective composite. Difference of these
coefficients (of the virgin homogeneous material and the objective composite) is
fluctuating at small strains and stabilizes for strains above 0.06 at a level of
approximately 0.05 (completion of Obj. 6 and Obj. 7). Such behavior indicates that an
addition of the filler and subsequent generation of the interface defects introduces
additional dispersion of stress that has rather a constant character for higher strains. This
observation is used in algorithms for determination of statistical estimators of the

volume fraction of interface defects.

The sustained stress in the objective composite is always lower than the one in
the virgin homogeneous material, which indicates that interface defects can not only
affect the theoretical reinforcing limit but also can actually make the composite softer
than this matrix. This proves their importance already during laboratory experiments;
this observation is further supported by numerical experiments. Quite importantly,
coefficient of variation of stress in the matrix recovered in laboratory study o(o7,;)
clearly depends upon the strain level; its difference for small strain levels (linear elastic
region) and high strain rates (hyperelastic region) is almost tenfold; this coefficient
a(o},;,) is remarkably larger for low strain levels. This is fundamental information
for any uncertainty study in composites and also in the virgin homogeneous material.
This is because it strongly undermines a selection of a constant level of randomness
in material for all the strain levels. One should instead provide some functional
representation of the material randomness w.r.t. the strain, which complicates
the stochastic computations. This affects especially the Monte-Carlo simulations, which

must be repeated for different strain levels.

[7] The stress-strain curve of the virgin homogeneous material in uniaxial stretch is best
approximated by the Arruda-Boyce model among eight verified constitutive models.
It is also fitted very well by the Neo-Hookean and Mooney-Rivlin models (completion
of Obj. 8). They all are very close to the experimental result and also presented
plausible relations of the pure shear and simple shear tests. As expected, neither
constitutive model was able to predict the local softening observed during laboratory
experiments. Its existence affected the fitting accuracy, but additional parameters were
not included for better fitting. This is because the objective composite remains

hyperelastic for higher strains and also because the algorithms were aimed
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at hyperelastic constitutive models by only. A dedicated constitutive model for

the objective composite is planned for future research.

[8] The response surface method was introduced, implemented computationally
and applied for the state functions of the objective composite. It approximates very well
the effective deformation energy and the effective stress. Total relative error of this
approximation does not exceed 3% for both state functions. A three-step procedure
proposed for its optimization proves to be suitable and ensures a very high correlation
(above 0.9999) and low sum of square errors of this approximation even for low rank
polynomials; this is achieved already for rank 3 full bivariate polynomials
and exemplified in this dissertation for the effective deformation energy. An additional
visual verification prevents overfitting and allows identification of any local effects
invisible in the numerical criteria. This is especially relevant for deformation energies,
whose differences in magnitudes for low and high strains are very high (completion
of Obj. 13). The proposed approach could be further extended to multivariate
polynomials and used directly for problems with multiple input random variables
(completion of Obj. 1). It is introduced as a first step for consideration of more than one

uncertain parameter or/and variable.

[9] The effective material parameters of the defective composite are recovered
according to a four-step process described in Appendix B. They are all positive
and have a smooth relation with the volume fraction of interface defects. The defects
decrease all the effective material properties for the selected underlying constitutive
models. The only exception is a measure of the limiting network stretch for Arruda-
Boyce model; it initially increases and reaches a maximum at w=0.65 and then
decreases slightly for higher volume fraction of defects. The other parameters are
reduced by up to 35% of their initial value for a perfectly bond composite (at w=0.95).
This reduction is reached for only 5% of an interphase and corresponds to a significant
reduction of sustained (effective) stress also (completion of Obj. 9). Magnitudes and
number of material parameters differ among the selected underlying constitutive models
and so does their relation to the input random variable. Thus, they must be considered
separately for stochastic calculations and their fluctuation is not interchangeable. This is
also the main reason why the probabilistic homogenization algorithm
and the augmented material model concept was designed to be applicable for an

arbitrary underlying hyperelastic constitutive model.
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[10] Stochastic characteristics of the effective composite parameters are inherent
for each of these parameters. They have an independent relation with the level
of dispersion of the input uncertain parameter and a non-unique dependence on
the expectation of interface defects volume fraction. According to the results,
each parameter should be treated as a separate random variable in constitutive model of
the defective composite (completion of Obj. 11). Expectations of these parameters
decrease together with an increase of defects volume and are rather indifferent to
the random dispersion of the input; it affects expectations of the highly defective
interface by only. Random dispersion of these parameters tends to be higher than
the dispersion of the volume fraction of interface defects for high expected values and it
is much lower for expected values below 0.5. Skewness is generally negative, increases
in magnitude together with coefficient of variation of the input random variable and also
increases together with an increase of its expectation. Kurtosis has no common trend

among different effective material properties.

[11] In this dissertation stochastic characteristics of the effective material parameters
are recovered for the objective composite (completion of Obj. 12). Magnitudes of these
characteristics are reported here as closed intervals determined upon application of three
independent stochastic methods. These intervals are bigger for the higher characteristics
and coincide to a single point with precision of four digits for the expectations and also
coefficients of variation (with an exception to Arruda-Boyce). They may be used
directly in fitting of a selected distribution function defining each of them. Upon this
step, the effective material parameters may be directly applied in probabilistic analysis
of structural elements. This was not possible prior to application of the proposed
algorithm simply because the interface defects are practically impossible to quantify
by separated laboratory (or numerical) experiments, especially when their statistical
estimators are sought. Application of these uncertain parameters in composite
constitutive model results in statistical estimators of its deformation and stress being

dependent on the strain level, which also answers the problem indicated in [6].

[12] Effective deformation energy of composite with the stochastic interface defects
is considerably decreased together with an increase of the volume fraction of interface
defects for an entire spectrum of strains verified in this dissertation. Extent of this
decrease is up to 40%. This also applies for the expectations of this strain energy,

which is decreased in similar manner; these expectations are indifferent to the level
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of statistical dispersion of defects volume fraction. An increase of expectation of
the input random variable also affects the higher stochastic characteristics of
the effective deformation energy. Coefficient of variation and kurtosis is increased,
while the skewness decreased together with its decrease. These characteristics also
increase considerably together with an increase of dispersion of the input random
variable. The proposed defective interface constitutive model catches degradation of
the composite deformation energy independently from the applied hyperelastic
potential. This is verified here by a relative error study of the FEM approximations,
which are always kept below a single percent. The above observation also proves
that the effective deformation energy can be approximated w.r.t. the volume fraction of
interface defects. This is valid with an assumption that for the defective composite
its material coefficients depend only on this variable and that they are constant for all
the levels of the strain in range of €£;,€(0, 0.275) (completion of Obj. 14, part 1
and Ob;j. 15, part 1).

[13] Effective stress of the composite with stochastic interface defects could be higher
or considerably lower (up to 35%) than stress in the virgin homogeneous material under
the same level of the strain. This mainly depends on the extent of stochastic interface
defects. They decrease the effective stress of the composite to such an extent that
a highly defective interphase cancels all the positive effect of a stiff filler. A theoretical
limit for strengthening of the composite with 5% CB that is considered here is approx.
1.2. A magnitude of the effective stress reported from the proposed algorithm is not
unique for the three selected hyperelastic potentials. They are within 0.5% difference for
the Arruda-Boyce and Neo-Hookean formulations, but up to 30% higher for
the Mooney-Rivlin. This may be affected by their formulation, where the first two
of them depend on the first invariant, while the Mooney-Rivlin underlying model —

on the first two invariants (completion of Obj. 14, part 2).

[14] Stochastic characteristics of the effective stress have been recovered for the three
hyperelastic potentials selected in the fitting process of the matrix and with use of
the three independent stochastic methods (ISPT, SAM, MCS). They have been
computed for strains below 0.275 and coefficient of random dispersion of the input of
up to 0.25. Results produced for the three hyperelastic potentials were not exactly
unique. The ones for the Mooney-Rivlin have much higher expectations and for

the Arruda-Boyce - higher magnitude of skewness and kurtosis than these reported for
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the alternative potentials. The only characteristic that have a very coinciding results for
all of them is the coefficient of variation. The general influence of the input coefficient
of variation a(w) and the level of strain g;; is, however, very similar for all
the potentials (completion of Obj. 15, part 2). Expected value of volume fraction
of interface defects has a very similar influence on stochastic characteristics of the
effective stress for all the three hyperelastic potentials. Its increase always decreases the
expectations of this stress, increases the coefficient of variation, and increases
magnitude of both, the skewness and kurtosis (the only exception for this rule is Arruda-
Boyce potential and E(w)=0.1). According to the above observation, the interface
defects not only decrease the effective stress but also increase its dispersion and higher
stochastic characteristics. This also means that a PDF of the effective stress under

uncertain volume fraction of interface defects is distant from Gaussian.

Stress curve of the objective composite under uniaxial stretch is approximated quite
well by the recovered effective stress curve. Accuracy of this approximation is not
worse than an initial approximation of this curve for the virgin homogeneous material
by the underlying hyperelastic constitutive models. Approximation of coefficient of
random dispersion of this stress is also quite accurate, especially for higher levels of
the strain above 0.13. The above observations are valid for all the three underlying
hyperelastic constitutive models. Corresponding statistical estimators of the input
random variable lay inside the applicability region of the proposed probabilistic
homogenization theory. These results are expected to be even better for composites not
having the initial softening region. Without any doubts, the proposed algorithm allowed
for computation of the effective stress and also effective material properties
of composite with stochastic interface defects together with their stochastic

characteristics, in particular these of the objective composite (completion of Obj. 20).

[15] Stochastic characteristics of the effective deformation energy and the effective
stress are both dependent on the level of the strain. This dependence is higher for
the deformation energy and especially visible for strains close to zero and on transition
from linear elasticity to hyperelasticity. This fact should not be disregarded
in probabilistic calculations on structural level that use such kind of composites.
The proposed augmented material model already accounts for it and given algorithms
allow for determination of the corresponding effective material parameters (completion

of Obj. 16).
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[16] All the stochastic computations have been performed here with use of three
independent stochastic methods. They are the generalized iterative stochastic
perturbation, semi-analytical and crude Monte-Carlo simulation methods. This is done
to verify correctness of their results that are analyzed here and also to verify, which one
1S most suitable in context of accuracy and computation time. This approach
additionally enables providing an interval of values in which certain characteristics lay
even when the methods are not perfectly coinciding. This agreement of the results
is very high for the effective material properties and not perfect for the effective
deformation energy and the effective stress under uniaxial stretch. Expectedly, the lower
stochastic characteristics (expected value and coefficient of variation) are almost always
approximated very well by all the methods and the higher ones (coefficient of skewness
and kurtosis) have much lower coincidence among the selected methods.
This coincidence is also progressively worse together with an increase of coefficient
of random dispersion of the input and also an increase of its expected value. This is
especially visible for the effective stress independently of the underlying constitutive
model, but reported also for the other state functions. A high divergence is noted for the
semi-analytical method in higher stochastic characteristics of the effective deformation
and the effective stress. This is especially visible for higher coefficients of random
dispersion of the input. This indicates that this method is not perfectly suited
for hyperelastic composites; it still can be used for the effective material properties

(completion of Obj. 19).

The level of uncertainty in the objective composite is not very high - coefficient
of variation of the effective stress is approx. 0.05. In this region the generalized iterative
stochastic perturbation coincides very well with the Monte-Carlo simulation and,
conditionally, also the semi-analytical method does. This perfectly justifies calculation
of statistical estimators of the input by the stochastic perturbation method by only.
A good coincidence of this methods also justifies correctness of computed stochastic
characteristics of the effective material parameters. The effective state functions
in the composite with stochastic interface defects all have a non-Gaussian distribution,
because they demonstrate a non-zero skewness and kurtosis. They became more distant
from it together with an increase of expectations of the volume fraction of interface
defects. Stochastic characteristics of the state functions and the effective material

parameters are not unique for all the hyperelastic potentials even though they are based
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on exactly the same experimental results. This means that a choice of potential not only
has an impact on the magnitude of the effective stress, but also on its dispersion
and probability density; as already mentioned above, level of the strain also has
an impact on the effective deformation energies and the effective stress, but not on the
effective material properties. According to the above, the PDF of each effective material
parameter and effective state variable depends on the choice of the hyperelastic

constitutive model and, obviously, on the extent of stochastic interface defects.

[17] The ISPT solution ensures almost perfect coincidence of results with a classical
Monte-Carlo simulation; it is perfect for expectations and coefficients of variations and
very high for skewness and kurtosis. This has been verified for expected values of
volume fraction of interface defects E(w) from 0.1 till 0.96, forits coefficient of
variation a(w) up to 0.25 (0.15 for effective material properties) and for the strain level
below 0.275. Small inaccuracy is reported only for skewness and kurtosis for the
highest considered expected values of the input uncertain variable and its coefficient of
random dispersion larger than 0.11; this level of input dispersion is more than twice
higher than the one observed in the objective composite. This proves that the ISPT
method is applicable for the considered stochastic process. It is much less
computationally intensive than the Monte-Carlo simulation technique and provides a

better coinciding result than the semi-analytical method (confirmation of Hypothesis 3).

7.2. Future prospects

Future research attentions will be focused on four particular efforts

1. extension of the proposed probabilistic homogenization framework to incorporate
hysteresis in this material,

2. extension of the applicability region to higher strains above 100%, as in
the preliminary laboratory experiment (see Fig. A.1),

3. extension of the proposed probabilistic homogenization algorithm to cover fully
anisotropic composites and

4. introduction of single or multiple non-Gaussian variables in the current ISFEM

analysis of the state functions.

A preliminary study for stochastic hyperelastic response with hysteresis has been

already performed for the virgin homogeneous material and published in [70].
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Numerical approximation of an initial stress-strain relation including hysteresis

is shown on the below Fig. 7.1.

Applicability region of the proposed methodology to determine the effective state
functions in composites with stochastic interface defects is currently verified for strains
until 0.275. Its extension is possible, but would require an additional remeshing

in the FEM during deformation process and also additional sets of laboratory tests.

Anisotropy is quite well known for single-phase materials [326,327]. In composites it is
a relatively new topic that occurs not only in the reversible elastic region of their
deformation. Consideration of some anisotropic models of hyperelasticity
and theoretical introduction of anisotropic nonlinear probabilistic homogenization
would be highly valuable. This would require consideration of additional types
of deformation of the objective composite in the numerical and also experimental

context.
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Fig. 7.1 Stress-strain relation of hyperelastic medium under cyclic loading. Study for
the virgin homogeneous material [70].

It is assumed here that the volume fraction of interface defects is Gaussian.
This assumption is well justified, but waiving it would also be profitable in case when
some information on the interface defects is available. Some commonly used
distribution to consider are log-normal [277], Gumbell [328,329], Weibull [330]
and other distributions [331,332,333]. A secondary direction for extension
of the stochastic calculus is theoretical formulation and numerical implementation

of probabilistic homogenization for multiple correlated input uncertain variables
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or parameters. This is important, because commonly a wider set of uncertain parameters
affects a single state function. Summation of their separated influence is not sufficient
simply because of their cross-effect and possible covariance. The first additional
random variable enriching the proposed constitutive model may be the strain, whose
measurement is subjected to inaccuracy resulting in its statistical dispersion. A relevant

bivariate response surface is already determined in this dissertation.
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Fig. 6.33 Kurtosis of the effective stress of the RVE K(aeff) w.r.t. the coefficient
of variation of the volume fraction of defects a(w) for an increasing
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uniaxial strain &;; and expected value of the interface defects E(w).

6.34 Kurtosis of the effective stress of the RVE K(aef/) w.r.t. the coefficient
of variation of the volume fraction of defects a(w) for an increasing

uniaxial strain €;; and different hyperelastic potentials.

6.35 Expected value of the effective stress E(oeﬁ) w.r.t. uniaxial strain g,

optimized values of E(w) and a(w) and three stochastic techniques.

6.36 Expected value of the effective stress E(a"ﬁ) w.r.t. uniaxial strain g,

optimized values of E(w) and a(w) and two material formulations.

6.37 Coefficient of variation of the effective stress a(aeﬁ) w.r.t. uniaxial
strain g;;, optimized values of E(w) and a(w) and three stochastic

techniques.

6.38 Coefficient of variation of the effective stress a(a"ﬁ) w.r.t. uniaxial
strain g, optimized values of E(w) and a(w) and two material

formulations.

6.39 Skewness of the effective stress B(aeﬁ) w.r.t. uniaxial strain
optimized values of E(w) and a(w) and two material formulations.

6.40 Skewness of the effective stress B(aeﬁ) w.r.t. uniaxial strain
optimized values of E(w) and a(w) and two material formulations.

6.41 Kurtosis of the effective stress K(Oeﬁ) w.r.t. uniaxial strain
optimized values of E(w) and a(w) and two material formulations.

6.42 Kurtosis of the effective stress K(a"ﬁ) w.r.t. uniaxial strain

optimized values of E(w) and a(w) and three stochastic techniques.
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7.1  Stress-strain relation of hyperelastic medium under cyclic loading.

Study for the virgin homogeneous material [70].

A.1 Initial stress-strain relation verification.

A.2 Stress approximations and the mean stress curve of the virgin

homogeneous material coming from laboratory tests ¢” w.r.t.

uniaxial strain g;;.

the

B.1 Selected plot of error of effective property approximation via the

WLSM.

B.2 Selected plot of error of effective property approximation via the

WLSM.

C.1 Selected sum of square error (SSE) and correlation (CORR) of the

surface method approximation w.r.t. the bivariate polynomial rank.

D.1 Scheme of probabilistic homogenization algorithm.
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List of selected notations and abbreviations

()°
(.)eff
(.)exact

Ok
(o
()
©

J

A(®)
AB
AM
AMM
APP

>

B, By
BPO

CORR(.)

mean value of variable ()

effective property/function of the composite

exact measure of variable (.), usually referred here as discrete
results at specific points

property/function of the virgin homogeneous material

optimized value for variable (.)

(.) property/tensor/vector obtained for the homogenized composite

time derivative of variable (.)

jth coefficient of polynomial for i"™ effective material coefficient of
the composite, different for each hyperelastic potential
quotient of each Taylor expansion term

1-periodic coefficient

Arruda-Boyce (constitutive model)

analytical method

Augmented material model

approximate methods, i.e. AMM or BPO

constant tensor coefficient

Finger tensor (section 3.1) or vector of independent variables
(section 3.2)

some random variable (section 3.2)

matrix of the shape functions spatial derivatives

bivariate polynomial

right Cauchy-Green deformation tensor

fourth order elasticity tensor with components Cjji

carbon black

i"™ effective material property of potential £ — AB, MR or NH

i"™ material property of the interphase of potential &£ — AB, MR or
NH
i"™ material property of the matrix of potential &£ — AB, MR or NH

correlation between discrete values of (.) and its continuous
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HDPU-CB
ISPT
L;

approximation

coefficient of variation

calcium silicate hydrate

deformation rate tensor

domain around the mean value of random variable

direct differentiation method

degree of freedom

coefficients for the polynomial bases of independent random
variable b (in this study volume fraction of interface defects w)
Eulerian strain tensor

Langrangian strain tensor

expected value of variable/function (.)

relative error for m™ approximation (FEM, AMM, BPO) for &
potential

experimental results (section 6.3.3)

time derivative of Langrangian strain tensor

function relating the objective function and random variable b
function relating the objective function and random variable b and a
vector of other variables x (random or not)

deformation gradient

longitudinal deformation for i™ axis

finite element

finite element method

fast Fourier transform

function of strain energy for & potential

function of stress for & potential and k™ method (FEM, AMM, BPO)
metric tensor

high density polyurethane also referred directly as the Laripur LPR
5020

high density polyurethane reinforced with carbon black

generalized iterative stochastic perturbation technique

i"™ invariant of the right Cauchy-Green deformation tensor
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—

o

LP
LSM

MCS
MR

N, Ny
NH
NP
p(b)
PDEs

RSE
RSM
RVE

|72]

- wn

derivative of response function for all coefficients D, (in section
3.2)

volumetric change with a reference to material configuration
arbitrary second order tensor

composite global stiffness matrix for o,  indexing all degrees of
freedom available in the RVE

velocity gradient

linear programming

least squares method

number of realizations, for example MCS trials
Monte-Carlo simulation

Mooney-Rivlin (constitutive model)

shape functions

neo-Hookean (constitutive model)

nonlinear programming

probability density function of b

partial differential equations

probability density function

quadratic programming

i"™ radii of n™ defect

Gaussian distribution radius of defects

reduced model multiscale method

rest for n™ expansion of Taylor function

response function method

sum of square errors between discrete values of (.) and its
continuous approximation

representative surface element

response surface method

Representative Volume Element

order of polynomial

weighted residuals functional

second Piola-Kirchhoff stress tensor

time derivative of second Piola-Kirchhoff stress tensor
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SAM
SBEM
SD
SFEM
SSE
SPT

tr(.)
TPU

u(w)

U

US)
Uglt

S

VAR(.)

WLSM

semi-analytical method

stochastic boundary element method

standard deviation also referred as ¢ in chapter 3
stochastic finite element method

sum of square errors

stochastic perturbation technique

time derivative of the second Piola-Kirchhoff stress tensor
traction of (.)

thermoplastic polyurethane

displacement vector

structural response under uncertain variable w
strain energy

isochoric part of strain energy of (.) phase

volumetric part of strain energy of (.) phase

strain energy of the interphase computed for £ potential (NH, MR or

AB)

strain energy of the matrix computed for & potential (NH, MR or
AB)

effective strain energy of the composite computed for & potential
(NH, MR or AB) and with use of the k™ method (FEM or one of
approximations AMM, BPO)

strain energy of the reinforcement computed for & potential (NH,
MR or AB)

volume of (.) phase

volume of the defects

volume of the interphase

volume of the matrix

variance between discrete values of (.) and its continuous
approximation

volume fraction of interface defects, called also the weakening
coefficient, an input Gaussian (random) variable

weighted least squares method
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w.r.t.

m

a(.)
BC)
oQ_, 0Q,

AqB

AQ,
Ag

k(.)

um

o Q

o

O,int

~y Y

with relation to

elastic potential of the virgin homogeneous material according to
potential &

spatial configuration

reference configuration

m™ global coordinate of the i-th node

coefficient of variation of variable/function (.)
skewness of variable/function (.)

subsets of the outer faces of the given RVE

upper bound on statistical population of the defects radii

increment of displacements for B DOF
external nodal force increment

increment of strain

strain tansor

normal strain of axis 1 at 1" level of stretch

component of strain tensor

positive definite perturbation parameter

first n™ stochastic characteristics of the state variable or input
variable (1 — expected value, 2 — coefficient of variation, 3 —
skewness, 4 — kurtosis), for example { — expected value and
coefficient of variation

kurtosis of variable/function (.)

micrometer

Cauchy stress tensor

Truesdell rate of Cauchy stress tensor

unidirectional engineering stress of the defects

unidirectional engineering stress of the interphase
unidirectional engineering stress of the matrix

unidirectional engineering stress of the matrix computed for &
potential (AB, MR, NH) or £ laboratory experiments (lab CB 0% or
lab CB 5%)
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eff
Ock

effective unidirectional engineering stress of the composite
computed for & potential - AB, MR, NH and and with use of the k"
method (AMM, BPO)

Kirchoff stress tensor

stretch ratio

stretch at which polymer chain networks in matrix becomes locked
in Arruda-Boyce constitutive model

m™ central moment

polynomial coefficient for & potential

local normalized coordinate system, i=1,2,3

m™ global coordinate of the k™ node

full domain of the composite

subdomain of the composite

subdomain of the defects

subdomain of hyperelastic interphase

subdomain of hyperelastic matrix

subdomain of linear elastic reinforcing particles

gradient

set of real numbers
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Appendix A. Hyperelastic constitutive model of the matrix

In an initial phase of numerical experiments it was considered what type of potential to
apply for the selected HDPU material to best reflect its uniaxial stretch curve. For this
purpose, a single extended stretch was provided for the virgin homogeneous material of

Laripur LPR 5020 (the same as in section 4). Its results are presented on Fig. A.1.

Uniaxial stretch

250

200

MPa)

= 150

lab

mn

100

50

0 02 0.4 0.6 08 1 1.2 14 16 1.8 2

en [+
Fig. A.1 Initial stress-strain relation verification.

Course of this function represents a strain hardening typical for hyperelastic materials.
Since no test bench for bi-axial or tri-axial test was available for the author, the final
selection of the numerical model of the matrix was done among 10 commonly used
isotropic hyperelastic potentials. They are following Mooney-Rivlin [46,47], Yeoh [50],
Van der Waals [334,335,336], Neo-Hookean [48], reduced polynomial of rank 2 and
finally polynomials of the rank 2 till rank 6. Elastic potential of these constitutive

models is presented in Table A.1.

Potentials were optimized after the uniaxial stretch laboratory tests presented on Fig.
5.4. Firstly, a mean curve from laboratory tests was calculated and potentials fitted to
this curve with use of the least squares method (LSM) with equal weights. Curve was

aggregated from the expected values of the stress at each given strain level. They were
determined by simple averaging E[c™ (811)]=$Z?£1 0" (g11)”; M indicates the number

of realizations. It is equal to the number of samples in laboratory tests, which is 10.
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Table A.1 Elastic potentials for the selected hyperelastic constitutive models of pure

hyperelastic matrix.

Constitutive Elastic potential W
theory
Neo- Wy = Cgg (11=3).Chrgy = g, 1; — first invariant of the strain tensor, u —
Hookean
shear modulus
m m T m T m m L .
Wik = C MR (7, -3)+ CoMR (7,-3), CImR>CIMR empirical material
Mooney-
. constants, 7,,7, - first and second invariants of the left Cauchy-Green
Rivlin 1°72
deformation tensor
wn =™ l(1 —3)+L(12 —9)+L(13 —27)+
Arruda- 4B TLAB |5 2022V 50604° V!
Boyce 19 519
Y b (=81 T (1] -243)
700040 673750,
m m m 2 m 3 m m m :
Yeoh wy :CI,Y(11—3)+C2’Y(11—3) +Cyy (1,-3), Gy Gy Gy - material
constants
~ 3 1
2(.
Wi, = uy (70 —3)(ln(1—49)+19)—3(2J j
Van der _
Waals I ()18
[ - material parameter
m N Hp a, a, -a, ,-a, _ :
Ogden Wy = Z:l a (ﬂq +A P+ A, —3), N, My Op material constants

p P

Optimization of potentials was done by minimization of total LSM error of their stress

approximation for all strain levels probing all the material parameters available in each

constitutive model. Then, response of this material in different tests, i.e. the bi-axial,

pure and simple shear was verified and models with unphysical or questionable stress-
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strain curve were eliminated. This was done because laboratory results for these tests
were not available and optimized parameters of constitutive model specify entirely
matrix behavior. Eliminated constitutive models were polynomial of the second
and fourth order and also the Yeoh potential. Atthe end three best approximating

constitutive models were determined by this procedure. They are Neo-Hookean with
’I'fNH=1.875-107, Arruda-Boyce with parameters of (14=7.00, C7 AB=3.749-107)
and Mooney-Rivlin with C’}1,]\,,R=1.577-107 and CZTMR=3.648-106. Three potentials were

chosen instead of one to enable a cross-check of the results of deterministic

and probabilistic analysis available in next sections.

Uniaxial stretch aproximations

25

%

i /
" + Arruda-Boyce

1] = Mooney-Rivilin

4 Polynomial n=2

15
/‘ Neo-Hooke

m ¥ R. Polynomial n=2
(o) [MPa] " * Yeoh
5 Polynomial n=4
10

Polynomial n=5

Polynomial n=6
o Test data

Van der Waals

0

0 0.025 005 0075 0.1 0125 015 0175 02 0225 025 0275

en [-]

Fig. A.2 Stress approximations and the mean stress curve of the virgin homogeneous
material coming from laboratory tests ¢ w.r.t. the uniaxial strain €;;.
All the approximation curves are presented on Fig. A.2 together with the mean stress
curve coming directly from the laboratory experiments £ (O';Zb (811)). On this graph they
are marked with different symbols and colors. All potentials ensure a decent
approximation of the test curve, especially for £,,€(0.21, 0.26) and &;,;€(0.0, 0.026)
corresponding to the matrix elastic range. A small overestimation of stresses is present
for the highest strains €;,€(0.26, 0.275) but it does not exceed 7% of the stresses in
the experimental curve. All potential approximations monotonously increase together

with an increase of the strain. Maximum stresses recovered for the three selected
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potentials at  £;=0.275 are following:  oz(e;;=0.275)=24.58  MPa,
0’(5(€11=0.275 )=24.75 MPa and o};(g;=0.275)=24.74 and maximum stress of
the experimental curve E(om(sll)) equals to 23.12 MPa. The most precise potential
approximation for this extreme strain is ensured by polynomial of the 4™ order
(difference less than 0.8%, o}, (g1=0.275)=22.93 MPa). Some degree of local
softening is observed in the experimental curve for g,;€(0.03,0.07). It was not
reproduced by the potentials. Recovery of the precise approximation of stress at this
region would require splitting the fitting to several regions, using additional parameters
in the existing constitutive models or introducing a new potential specific for this
matrix. Local effect does not undermine a good overall fitting result, which was the

primary goal of the optimization.
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Appendix B. Optimization procedure of the response function

The response function used for approximation of the effective composite properties is

each time optimized according to the following procedure

> solution of the cell problem solved via the FEM in the domain of (& ,w);

around nine expected values of w E(w)€[0.1, 0.2, ... 0.9] in their 10% vicinity,
separately for each selected hyperelastic potential indexed by &

» determination of the optimum pairs of effective composite properties and the
volume fraction of interface defects (Ce w) with use of linear regression.

Optimization is performed with a condition of a minimum total square error of

the approximate strain energy
2
ZE_1< o ( ke~ /Z?PP ”ké, 1,811,1()) )Zmin. Each  discrete = FEM

realization serves for calculation of a pair (Ce )
» determination of the continuous representation of the effective material
parameters w.r.t. the volume fraction of interface defects Cfg(w) called further

response function; fitting is done with full polynomials of rank 1 till 20.
Their coefficients are calculated using the weighted least squares method
(WLSM) algorithm with equal weights according to equations included in
section 3.2.1

» a triple optimization process minimizing the WLSM RMS error, WLSM

variance and maximizing the WLSM correlation.

A triple optimization process aims at finding the lowest possible rank of the polynomial,
whose further increase does not significantly improve the correlation, RMS error
and variance with respect to the discrete results. Such an approach is applied to exclude
overfitting, yet providing a very good approximation of the discrete results. In this
approach firstly all ranks with correlation worse than 0.999 are eliminated and then

a threshold of 0.1 relative change of RMS error and variance is applied so that
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CORRy,, (C)2)>0.999,
RMS i1 (CZ 1) — RMS(CZ12)<0.1, (B.1)

VAR 1 (C¥z) — VAR (CZ\12)<0.1,

where m denotes the polynomial rank; change of estimators is calculated from
the higher to the lower rank. This first step is suitable for prevention of underfitting, but
a further visual verification must be applied after its application to eliminate overfitting
(as mentioned in section 3.2.2); it must be noted, however, that it is almost always

eliminated by introduction of the last criterion of selecting the lowest polynomial rank.

An exemplary optimization process is presented next on the basis of the coefficients for
the Mooney-Rivlin potential. It is visualized on the below Figures. They show
the weighted least squares RMS error denoted as RMS, variance denoted by VAR

and correlation denoted by CORR for both effective material parameters for this
constitutive models; they are C?%R (Fig. B.1) and C;%R (Fig. B.2). On these graphs the
right vertical axis measures the correlation of the approximating polynomial of the rank
m that is presented on the horizontal axis; the left vertical axis marks a relative
difference between the RMS and VAR for the polynomial of rank m relative to
polynomial with the best results (RMS,,;,, VAR ;) SO that

RMS(C ) VAR w(CT\ g

off n €
RMS(Cyym)= - () JVAR(CEy R)_—mm( =

(B.2)
Both of the graphs show that together with an increase of the rank of the polynomial the
correlation CORR is only increasing and variance VAR together with the RSM error is
only decreasing; this is valid up to the highest considered polynomial rank, which is 20.
It is also visible that the difference of these values between the rank m and m — 1 also
decreases together with an increase of m. Additionally, correlation of the response
function to the discrete results CORR is much better than the considered threshold of
0.999 for polynomials of ranks above the 4™ the CORR also converges much before the
RMS and VAR, which are still not very convergent for ranks as high as 15" With such

observations, the proposed approach of optimization may be swiftly verified.

The optimized rank for C%/[R is the 9™; it is marked by blue horizontal line on Fig. B.1.

Its correlation is already almost 0.9999 and both, the RMS and VAR are less than 10%
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worse than for the best fitting polynomial. Interestingly, the polynomials of the rank 11

and above already start to overfit the discrete results.

2.5 - 1.00000
|-~k N T o o l - k-l ~4
1
kK - 0.99998
2 —
RMS( C ) , - 0.99996
MR, 1 1 My CORR [ C )
\-HR( C ) 1 MR, 1
MR, 1 - 0.99994
1.5
L]
' - 0.99992
[l
OHABERE M - —. 1
1= S UL OO0 0.99990
2 4 6 8 10 12 14 16 18 20
m

\ WLSM RMS FRROR (RMS)| |WISM Variance (VAR) ** WLSM Correlation (CORR)\

Fig. B.1 Selected plot of error of effective property approximation via the WLSM.

Situation is a little different for the C%m presented on Fig. B.2. The optimized

polynomial rank for this parameter is 8", but the relative difference of VAR between
this an the higher rank is 0.16, so it fails one of the proposed criteria. This rank is still
selected because the polynomials from 9™ rank and above already overfit the data.
This exemplifies, that the strict mathematical criteria are the most objective but not
always return the best solution and a human interaction may sometimes be required.
An optimization procedure proposed above is applied for all the effective material
coefficients that are presented in the next section. Their polynomial representation is
further used in eqns (6.6) through (6.7) and (6.15) through (6.17) approximating
the effective strain energy and the effective stress of the composite with stochastic

interface defects.

The above results prove the Hypothesis 6 (b), because correlation of optimized
polynomial to the discrete results is extremely close to 1 and also the WLSM variance

of this approximation is low.
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2.5 1
1 L]
S S Sk ok ok Sk R R A A A A 0.9998
2 *
RMS ( C ), — - 0.9996
MR, 2 | * I CORR( C )
VAR( C ) ] MR, 2
MR, 2 ~ o0 -0.9994
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*
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| 18HEE~ '
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Fig. B.2 Selected plot of error of effective property approximation via the WLSM.
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Appendix C. Optimization procedure of the response surface

The response surface is sought from a subset of bivariate polynomials. It is determined

in three major steps, which are

1. solution of the cell problem solved via the FEM in the domain of (g;;,w)s
around nine expected values of w E(w)€[0.1, 0.2, ... 0.9] in their 10% vicinity,
separately for each selected hyperelastic potential indexed by &

2. determination of the continuous representation of the effective strain energy

w.r.t. the mean volume fraction of interface defects and the level of applied
strain U?f (g11,w) called further response surface; optimization problem is solved

with use of the active-set method for full polynomials of rank 1 till 15. Their
coefficients are calculated according to equations included in section 3.2.2
3. a double optimization problem to define the best rank of the bivariate

polynomial used in further numerical experiments.

Similarly to the optimization applied on the effective material parameters, the double
optimization problem consists of finding the lowest rank of polynomial that satisfies the
minimum of sum of square errors (SSE) and maximum of correlation that does not
overfit the discrete dataset. This is preferred over simple application of the very high
rank polynomial with minimum SSE because optimization problem increases very
quickly together with an increase of polynomial rank; this is also true for complexity of
symbolical procedures applied in stochastic calculus. All the symbolic optimization
procedures and calculations are programmed in algebra system MAPLE 2018 and are
performed in floating point. The proposed approach proves to be suitable for this
optimization problem and ensures a very high correlation and low SSE of approximation
even for low rank polynomials. A selected graph showing the SSE and correlation of
approximation to the discrete dataset is provided in Fig. C.1. It represents the Arruda-
Boyce augmented model. Since the SSE is relatively high, a relative difference is

plotted instead of the real error. This gives

SSEm(U 15)

m,

)= S mdB)
SSE(Uy 15)= SSEmin(UL 1)

(C.1)
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where SSEmin(UZfTA 3)23180. A very high correlation of over 0.9999 is returned from

optimization algorithm already for ranks above the 1%, but the SSE is 10® times bigger
than the optimum rank. The sum of square error sharply decreases together with an
increase of rank. It is true up to rank 8—9, where it stabilizes around 10 times over the
minimum recovered for rank 13. Then it increases again due to a very high amount of
decision variables. Please note, that this minimum SSE is very low in comparison to the
maximum magnitude of strain energy of 10 (it represents a sum of 2079 square
differences). This holds especially for ranks 9—15. Such relation was observed for all
the three augmented material models. The overfit is observed usually at ranks 12 and
above for all the selected constitutive models and flattening of the SSE curve begins at
ranks 6—7. Taking it into consideration, a final rank selected for Arruda-Boyce
augmented model is the 10", Rank 11 was crossed out because of a relatively low
improvement of fitting comparing to and additional computational effort for the

stochastic experiments.
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O
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ni-J
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Fig. C.1 Selected sum of square error (SSE) and correlation (CORR) of the surface
method approximation w.r.t. the bivariate polynomial rank.

Apart from a holistic convergence, an error inside the computation domain should also

be analyzed. This is especially true for quantities like the effective strain energy, whose

variation in strain is very high. In this study it ranges from 0 till over 10°. In this case a
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very small SSE may still allow for local inaccuracies that may be relevant for regions
with small magnitudes. Such analysis is provided in section 6.2.2. It covers
approximating error of the effective deformation energy for entire domain of the strain

and volume fraction of interface defects.
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Appendix D. Scheme of probabilistic homogenization algorithm
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Fig. D.1 Scheme of probabilistic homogenization algorithm.
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